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SINGAPORE UNIVERSITY OF TECHNOLOGY AND DESIGN

Abstract

Engineering Product Development

Doctor of Philosophy of Engineering

Sequencing in Transformation of Rasterized 3D Models

by Wei PAN

This thesis studies the sequencing problem of shape transformation of rasterized 3D

structures. Compared with shaping (shape generating), shape transformation is a more

general idea including construction, material reuse etc. To evaluate the feasibility of au-

tomatically transform by machines, this thesis investigated two operations and three

cases studies: the problem of pick and place operation for homogeneous components

(voxels), heterogeneous components (bricks) and folding operation for voxels. Within

each case, strategies are designed to transform these problems into some mathematical

models, some of which turned to be NP-complete problems such as assignment prob-

lem, traveling salesman problem etc. Mathematical principles are applied to these math

problems to get optimized solutions which are incorporated in the sequencing. For in-

stance, Hungarian method for assignment problems and Hamiltonian path searching

skills for traveling salesman problem.

The optimized sequences generated by each case can be applied to achieve shape

transformation either manually (nowadays) or automatically (in the future). We believe

in the future the advanced building materials and tools will be developed in construc-

tion and manufacturing industry, and these sequencing and automation strategies can

be directly put into applications for autonomous construction and reconstruction work.
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Preface
The automatic shape changing of voxelized 3D structures is always a fancy idea for me.

I have been dreaming of owning elements like what appeared in movies "Big Hero 6"

or "Transformers: Age of Extinction". The emerging game Minecraft proved the popu-

larity of this kind of voxelized style constructions. Therefore, I focused my research on

these rasterized 3D models. Actually, problems related to rasterized 3D models are not

easy because they are usually discrete problems.

Discretion is the one of the most important features of rasterized shape. The op-

posite of discrete is continuous. Compared with discrete mathematics, continuous

mathematics is classical, well established, with a rich variety of applications. Discrete

mathematics grew out of puzzles and then is often identified as NP-complete or NP-

hard problems in some specific application areas like computer science or operations

research. Basic structures and methods of both sides of our science are quite different.

With the wider application of computer in various scenarios in our daily life, the solu-

tion for discrete problems are more and more important.

Fictions probably will remain factious but it may guide and inspire the develop-

ment of science and technology. There is a group of studies in robotics called self-

reconfigurable modular robots, which consists of many modular robots aiming to achieve

the idea in the above paragraph. They are autonomous kinematic machines with vari-

able morphology, and able to deliberately change their own shape by rearranging the

connectivity of their parts, in order to adapt to new circumstances. Due to the re-

striction on the physical environment, initially, my research was on the locomotion

and shape-changing algorithm of these physical modules. There are plenty of stud-

ies and prototypes of such robots, with different functions using for various scenarios.

As I looked into these studies, I discovered that these system varies a lot due to the

restricted space on hardware design, thus it’s really impracticable to implement a gen-

eral algorithm which suits all these prototypes. Therefore, I turned the research ideas

to centralized controlling systems, and adapted to some more practical applications.
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The transformed idea becomes a construction problem, and I focus on the opti-

mization work on several metrics like material reuse rate and cost. However, there

was a growing frustration that the voxelized 3D structures are always subject to phys-

ical constraints such as gravity. Unlike in the game Minecraft building cubes can be

overhanging, in reality, they cannot. Therefore, my first work on voxels is applicable

to 3D shapes with any overhang structures, while most 3D structures do. So I merged

the voxels to bricks and developed the automatic shape changing algorithms on bricks,

and it relates to the study on LEGO bricks. The folding work is inspired by a lamp de-

sign in an exhibition, and its practicability is demonstrated by a toy called rubik snake.

The results achieved and displayed in this thesis are applicable to automation in-

dustry. I have a strong belief that uniform reusable smart building materials will re-

place steel concrete and bricks, becoming a trend in the future.
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Chapter 1

Introduction and Motivation

“Do not fear to be eccentric in opinion, for every opinion now accepted

was once eccentric."
— Bertrand Russell

1.1 Automation in Construction and Manufacturing (CAM)

Both construction and manufacturing are essential in industries. They are similar in the

way that both involve manual labor or machines to product something for commer-

cial purposes. However, construction is usually differentiated from manufacturing, in

which a product is designed for mass production; construction products are instead

large and unique in form (Saidi, Bock, and Georgoulas, 2016). Construction generally

refers to the creation of physical structures such as buildings, bridges or roadways.

Manufacturing typically refers to the production of finished goods sold to distributors,

retailers or consumers. Compared with automation in construction (AiC), automation

in manufacturing (AiM) is easier to cope with thus better developed. This is because

the manufacturing site in most cases are much smaller, the tolerance of structure is big-

ger compared with architectures in construction industry. Moreover, it can do without

the messy on-site construction scene. To make things clear, the difference of them are

ignored in this thesis.

As one of the oldest industries, construction industry, is facing a low productiv-

ity problem compared to other industries (Fulford and Standing, 2014). Over years,

the development and advances of construction industry is slow, and it’s evident that

nowadays level of AiC is very low in comparison with the exiting technological ad-

vances (Balaguer, 2000), and Robotics in manufacturing industry is an evolution while
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the robotics in construction industry is the not yet finished revolution. On the contrary,

a high accident rate on-site results from the low labour efficiency and insufficient work

quality and control in both construction and manufacturing industry. Figure 1.1 shows

the fatal and non-fatal accidents rate at work in European Union. Construction is the

leading sector in terms of fatal accidents while manufacturing is the leading sector in

terms of non-fatal accidents. All in all, the construction and manufacturing industry

can be further or fully automated to enhance its efficiency and reduce the number of

accidents.

FIGURE 1.1: Fatal and non-fatal accidents at work by economic activity
in European Union. Source: (Accidents at work statistics 2014)

Robots are widely accepted as a potential solution to improve the construction in-

dustry efficiency and reduce the number of fatal accidents of masonry works (Castro-

Lacouture, 2009). Robots have technical features to enhance quality and efficiency of
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the operations, and potentially perform construction tasks where human presence is

impossible, undesirable, or unsafe. For instance, construction in hazardous areas such

as ground after earthquakes and nuclear accidents, construction under difficult phys-

ical conditions such as undersea or outer space. While modern robots were born in

1940’s, and becoming dominant in mass production lines, it’s hard to find any evi-

dence of their application in construction industry until late 1980’s (Hagis, 2003; Ich-

biah, 2005). Although there are plenty of documents related to the history of the appli-

cation of robots (Bidgoli, 2015; Balaguer, 2000) in construction, a brief introduction is

given as following.

Phase 0: Ancient Approach (Before the 1970s) The construction of the middle age

cathedrals in Europe was done by simple construction technology (Fig 1.2). The bricks

and columns elaboration were performed manually and on-site. Their elevation was

also performed manually using simple mechanisms, like fixed pulleys and ropes (Fol-

lett, 2010). The material supply, the transportation and the assembly technology were

very important and challenging, which result in a long construction period (even cen-

turies).

FIGURE 1.2: Middle age cathedral construction. (Follett, 2010)
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Phase I: Construction Automation Approach (the 1980s and 1990s) By the end of

1980’s, several Japanese construction companies, including Fujita Corp., Obayashi Corp.,

Kajima Corp., etc. invested on using custom-made robots for on-site constructions like

picking and placing concrete slabs and painting façades. For instance, Kangari (Kan-

gari and Yoshida, 1990) introduces several prototypes of construction robots developed

by Shimizu Corp. to reduce the manual work and optimize the building process, as

shown in Figure 1.3. Compared with nowadays constructive machines, their machines

were highly specialized, extremely expensive, and suffered from the lack of flexibility.

FIGURE 1.3: Prototypes of construction robots developed by Shimizu
Corp. (Kangari and Yoshida, 1990) (a) Ceiling panel positioning robot
(CFR-1). (b) Exterior wall painting robot. (c) Concrete plastering robot.

Phase II: Construction Automation Integrated with Computational Machinery (the

2000s) With the emergence and development of computers, more complicated sys-

tem and advanced controlling tools are developed. The rapid integration of computer

numerical control (CNC) machines significantly steered the direction of robotics explo-

ration in architecture and construction, which results in a modern construction con-

cept: Computer Integrated Construction (CIC) (Miyatake and Kangari, 1993). Further-

more, construction sites were better structured and designed like factories, and the

on-site construction was implemented as an semi-automated assembly line (Tezuka

and Takada, 1992). Strong complementaries exist between the actual building – its

design, manufacturing and information technology – and its construction and orga-

nization strategy. The performance and scale of construction has been significantly

enhanced (Moselhi, 1998; Linner and Bock, 2012; Linner, 2013).
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Figure 1.4 shows an on-site masonry robot (a) and the partly automated construc-

tion site of Tokyo Sky tree.

FIGURE 1.4: On-site construction robots and automated construction
site. (a) Thomas Bock, ESPRIT 3 6450 ROCCO (RObotic Computer in-
tegrated COnstruction) masonry robot, Karlsruhe University, Germany,
1992–6: Development of a mobile heavy-duty robot for the construction
sector, here applied to robotic on-site assembly Bock and Langenberg,
2014. (b) Nikken Sekkei, Tokyo Sky Tree, partly automated construction
site, Tokyo, 2010: The 32-storey, 634-metre (2,080-foot) tall Tokyo Sky
Tree radio and television tower in the city centre was built and is oper-

ated by Obayashi Corp.. (Bock and Langenberg, 2014)

Phase III: More Advanced Construction System (from now on) Interdisciplinary

study is highlighted in nowadays science and technology. Swarm intelligence (Waw-

erla, Sukhatme, and Mataric, 2002) and drones (Augugliaro et al., 2014) are making

differences in automated construction. In some recent studies (Willmann et al., 2012;

Mirjan et al., 2013; Lupashin et al., 2014; Fink et al., 2011), unmanned aerial vehicles

(UAVs) carried bricks from palettes to designated positions to build structures based

on predetermined sequences. In another study (Werfel, Petersen, and Nagpal, 2011;

Werfel, Petersen, and Nagpal, 2014), a swarm of robots assembled structures by mim-

icking the behavior of social animals such as termites. For industry usage, Amazon
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company applied a system in 2012 in which goods are stored on portable storage units,

and carried by swarm robots (D’andrea et al., 2010).

FIGURE 1.5: The Flight Assembly System (Augugliaro et al., 2014). (a)
The Flight Assembled architecture installation. The 6-m-tall tower con-
sisting of 1500 foam elements was assembled by four quadrocopters in
France, 2011. (Photograph by François Lauginie.) (b) Placing a mod-
ule. The vehicle hovers above the structure before placing a construction

module.

Most of these advanced construction systems are not capable for currently construc-

tion industry, restricted to the environment, size, specialized building blocks, etc. How-

ever, in light of novelty and intelligence, they can confidently steer the direction and

trend for the automation construction and manufacture in the future.

1.2 Material Reuse and Sequencing Optimization

Material reuse Another initiative of this thesis is the design of material reuse for con-

struction and manufacturing. As it is known to us, the abuse of resources such as

plastics, construction materials, etc. has caused problems like pollution to human soci-

ety. It takes a large sum of funding and efforts to finish deconstruction and depose of
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FIGURE 1.6: Self-organizing robots inspired by termite colonies demon-
strate swarm-like intelligence (Werfel, Petersen, and Nagpal, 2014) (a)
The robots can build themselves staircases to reach the next construc-
tion points, and they know how to add bricks that advance construction
without blocking important paths. (b) The TERMES robots can carry
bricks, build staircases, and climb them to add bricks to a structure, fol-
lowing low-level rules to independently complete a construction project.

(Photo by Eliza Grinnell, SEAS Communications.)

the waste. The potential use of various solid wastes for producing construction mate-

rials (Safiuddin et al., 2010; Tam and Tam, 2006) and the recycling of these construction

materials (Roper, 2006) have been investigated. However, so far there is no research

conducted on the reuse of these construction materials such as bricks and reinforced

bars. In the meanwhile, the topic of material reuse keeps arousing good inspiration of

arts and designs (Addis, 2012; Canstruction), as shown in Figure 1.7.

It can be anticipated that replacing the current building blocks, cement, and bricks

by super-bricks connected through new glue (similar to Lego bricks) would signifi-

cantly ease the construction and deconstruction processes, and as a consequence, brick-

reuse will be an important issue.

Sequencing Optimization In computer science, sequencing refers to sequential pro-

cessing of a set of commands. To avoid ambiguity, in this thesis, sequencing refers to

the process that by following a specific set of rules, to generate a sequence that accom-

plishing the construction task, i.e. to build a sequence of picking and placing a set of

cubes.

While humans rely on intuition to create a sequence to assemble structures from

parts, this process can be augmented through intelligent devices (Anderson et al., 2000;

Gupta et al., 2012), simple assembly of parts may be achieved by a set of actuators

without human intervention (Schoessler et al., 2015).
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FIGURE 1.7: Examples of arts and architectures made of reused materi-
als: (a) A pavilion constructed in the campus of the University of Ap-
plied Sciences in Detmold. It consists of more than 2000 beer boxes.
(b) The Luxury Pavilion Built From Recycled Bedsprings, displayed in
Abwab 2017, the highlight of Dubai Design Week that exhibits design-
ers’ talent from across the Middle East, North Africa and South Asia.
(c) Front-page photo of Canstruction (Canstruction). "An exhibition of
structures made from unopened cans of food that are later donated" -

New York Times

The work of Dierichs (Dierichs and Menges, 2016; Dierichs and Menges, 2017) illus-

trates the importance of moving sequences (Figure 1.8). The plastic granular materials

are picked and placed in a sequence while they grip and bind to one another when

stacked. An optimized PnP sequence will benefit the autonomous system in light of

the efficiency and robustness of the structure.

Construction done by multiple robots in parallel raises challenges in efficient mo-

tion sequencing (Werfel, Petersen, and Nagpal, 2011; Lindsey, Mellinger, and Kumar,

2011). Algorithms exist to minimize the workload imbalance between the robots and

to maximize assembly parallelization (Worcester, Rogoff, and Hsieh, 2011).
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FIGURE 1.8: The ICD Aggregate Pavilion 2015 from the University of
Stuttgart. They used 30,000 spiky components and a robot to create a
pavilion described as the "first architectural structure realized with a de-

signed granular system".

1.3 Rasterized 3D Shape

In computer graphics, just as pictures are consist of pixels, 3D shapes can be rep-

resented by voxels (Jan, 2016). Normally 3D models are represented by polygonal

meshes or points cloud, it can be further converted into voxels representations by

rasterzing (voxelizing) techniques (Cohen-Or and Kaufman, 1997; Kaufman, Cohen,

and Yagel, 1993), as shown in Figure 1.9. Rasterized 3D data are also termed as volu-

metric data (Sramek, 1996), which are widely applied in Gaming industry, Geographic

Information System(GIS), Arts and Designs etc.

In fabrications and constructions, rasterized 3D representations are useful in the

same way as buildings may be constructed from bricks. This is similar to a popu-

lar computer game, Minecraft. In this game, building blocks are collected and piled

by players to build all kinds of architectures and arts (Duncan, 2011). Online instruc-

tions are given to build these buildings or structures in games. These instructions are

provided as blue prints layer by layer in a sequence, which is similar to LEGO bricks

(Figure 1.10). In this case, the virtual figures controlled by the player is committing the

construction work.

It has been shown that rasterized structures can be built by automated machines,
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which have already played important roles in the advanced manufacturing industry;

however, in the construction industry automation is primitive due to an economical

reason (Balaguer, 2000; Helm et al., 2012): it is often more expensive to use machines,

e.g. robots, than men. In this thesis, rasterized 3D structures are investigated for con-

struction sequencing for the following reasons.

FIGURE 1.9: 4 quadrants to distinguish 2D/3D space and vector/raster
representations in computer graphics (Jan, 2016).

Consistency with physical components Voxels are not only easy to process as com-

puter data, but they can also be instantiated by physical components for construction,

such as cubes, bricks, food cans, etc. Varied with different resolutions, any 3D shape

can only be realized in the form of its discretized representations, a.k.a., voxels.

Reusability Apparently voxels and bricks can be easily reused, compared with het-

erogeneous building materials. A good example is LEGO, a globally popular toy com-

posed of colorful plastic bricks that can be interlocked and assembled in many ways.

(Figure 1.11)

Mass Production Homogeneous components such as bricks enable mass production,

which tremendously reduces the cost of products from the end product (in this case,

the bricks) as well as from the manufacturing equipment (robots, machine tools, etc.).
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FIGURE 1.10: Online instruction to build Feudal Japanese Osaka Cas-
tle with 21931 blocks. (Zal, 2017) (a) Feudal Japanese Osaka Castle, (b)
Blueprints (bottom layer) of the building instructions, and (c) Applied

material blocks.

FIGURE 1.11: (a) a box of basic bricks from an official LEGO shop. (b) A
mess of unsorted Lego bricks.

1.4 Building Components

There are different kinds of materials for construction and manufacturing. They can be

categorized as following.
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1.4.1 Homogeneous & Heterogeneous

The building components can be homogeneous or heterogeneous. For instance, bricks

used in building constructions are homogeneous, which are easy for mass production

and reusing. However, the disadvantage is the restriction on the special functionalities

in some specific scenarios such as the roof of the building (tiles).

Voxel Voxels are homogeneous building components. This term describes an abstract

concept which encompasses cubes (Figure 1.7a), bricks (Figure 1.5), hexagonal pillars,

cans (Figure 1.7b), octet truss (Deshpande, Fleck, and Ashby, 2001), etc. Voxels are gen-

erally applied as building materials in pyramidal shape. A shape is pyramidal if it has

a flat base with the remaining boundary forming a height function over the base (Hu

et al., 2014). Pyramidal shapes are optimal for scenarios like molding, casting, and

layered 3D printing, which are thereby good for constructions or fabrication by voxel

components. For example, a normal approach called 3D voxel printing is proposed by

Hiller et. al. (Hiller and Lipson, 2009).

In some cases, with mere connections with neighbors from either upper layer or

below layer, the constructed 3D Shapes are usually unstable.

Lego Brick As a type of popular edutainment toy, LEGO bricks can be regarded as

heterogeneous building components (Figure1.11). Its application has been found in

research ideas relating to software engineering (Feijs and De Jong, 1998), rapid pro-

totyping (Mueller et al., 2014), material science (Celli and Gonella, 2015), and nucleic

acid nano-engineering (Ke et al., 2012; Gothelf, 2012). LEGO bricks are inherently suit-

able for constructing 3D shapes: they enable diverse part combinations; they are in

various colors; and they can be reused; however, the complexity of LEGO construction

increases significantly with the size of a 3D shape. Although many ways of part combi-

nation are feasible, it is difficult to build an accurate LEGO model without step-by-step

instructions.

A LEGO construction problem was proposed in 1998 (Gower, Heydtmann, and

Petersen, 1998): Given any 3D body, how can it be built from LEGO bricks? Nowa-

days, the problem is largely solved owing to several computational algorithms (Kim,
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Kang, and Lee, 2014; Petrovic, 2001; Smal, 2008; Ono, Alexis, and Chang, 2013; Testuz,

Schwartzburg, and Pauly, 2013). For automotive LEGO construction, the stability of

the intermediate and constructed LEGO structure and feasibility of the fabrication are

both very important. Some researches have been done to solve the stability (Luo et al.,

2015; Hong et al., 2016) and feasibility (Zhang et al., 2016) problems. Moreover, Pasek

and Yip-Hoi (Pasek and Yip-Hoi, 2005) proposed an interesting computer integrated

manufacturing system based on LEGO bricks.

LEGO is just a toy, but the concept of an automotive bricks construction system can

be inspired from it. In the future, there might be more advanced LEGO-like building

components which requires optimization strategies to minimize the steps of building

and transforming by reusing bricks and to maximize the reuse rate bricks.

1.4.2 Lattice & Chain

This classification is aroused from the grouping of crystal structure system in physics.

In lattice system lattice-type components are distributed or stacked in 3D space lattices,

and usually translational movements are taken effects without considering rotations.

In a chain system, components are usually connected with its two neighbors, and

the shape ranging from 1D to 2D and 3D will change subject to rotational movements.

Chain-type components are more common in manufacturing than construction. Fig-

ure 1.12 shows a toy invented by Ernő Rubik, called Rubik snake with twenty-four

wedges that are right isosceles triangular prisms. The wedges can be twisted to resem-

ble a wide variety of objects, animals, or geometric shapes (Fiore, 1981).

Chain systems usually can be regarded as a special type of lattice system. In some

cases, components can be both lattice-type and chain-type (Figure 1.13).

1.5 Sequencing Operations

To achieve AiC, it is valuable to investigate whether there exists an optimal construc-

tion sequence that minimizes the work, and if exists, how to find it. We frame the

problem as a transformation from one rasterized structure (source) to another (des-

tination). Our objective is to find an efficient sequence that a machine can follow to
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FIGURE 1.12: Rubik’s Snake (Fiore, 1981). (a) Its "ball" shape in its
packaging is a non-uniform concave rhombicuboctahedron. (b) Rubik’s

Snake as a string

FIGURE 1.13: Super Clover: an LED pendant lamp group designed by
Michael Young (Young, 2017a; Young, 2017b) (a) The Clover array is a
direct descendent of the Super Clover. (b) The Super Clover: a large ge-
ometric lighting form based upon extensive study of the opportunities
presented by creating light sculptures within a mathematical grid sys-

tem. One lighting lamp can be connected to two neighbors.

achieve the transformation, where efficiency is described by an application-dependent

cost function. The framework encompasses the situation of constructing a structure

from material palette; in this case, the source is the shape of the palette and the desti-

nation is the desired structure.
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1.5.1 Pick and Place (PnP)

For lattice-type components, PnP usually is the best solutions to move in a sequence,

which is a translational move. In the same way buildings may be constructed from

bricks or pre-fabricated components, a structure can be assembled from equal-sized

parts by a process called pick-and-place. Initially, PnP refers to placement of electronic

components onto circuit boards (Ho and Ji, 2005). The term is broadly used in areas in-

cluding architecture, industrial automation, and robotics, to refer to such processes as

case packing, palletizing, machine tending, and assembly. PnP is also applied to assem-

ble 3D structures from parts layer by layer (Glynn and Sheil, 2011; Moses et al., 2014).

The resulting artifacts are of particular interest to architects and engineers who need

physical prototypes at different stages and scales of design for visual and functional

evaluation. The parts are often low cost, reusable, and easy to store, which supports a

sustainable approach to many iterations of physical evaluation. This approach is also

important in the field of 3D construction, advanced pre-fabrication and assembly. Fig-

ure 1.2, 1.4, 1.5, 1.6 are examples involving PnP process.

Bricklaying robots can pick up bricks from prepared pallets, apply mortar, and

place them to correct locations (Bock et al., 1996; Pritschow et al., 1996; Yu et al., 2009).

Modular-house-assembly robots can construct residential houses from 2D or 3D pre-

fabricated modules (Leyh, 1995; Gassel, 1996; Balaguer, 2000; Diez et al., 2000), which

shows the features of voxels by PnP as mentioned above. More recent work of PnP is

coupling machine learning technology like object recognition with traditional robotic

arms (Zeng et al., 2017). Amazon Robotic/Picking Challenge (Wurman and Romano,

2015) is a platform to relate research to industrious applications of automatic PnP pro-

cess. In long term, the unmanned PnP approach may be a solution to reducing con-

struction cost in regions where manpower becomes increasingly expensive.

1.5.2 Folding

Folding is a rotational operation, including the operation to transform strings (1D) into

continues areas (2D) or volumetric shapes (3D), e.g. Rubik Snake, as well as the opera-

tion to transform continues areas into volumetric shapes with techniques, e.g. origami.

Folding 1D strings into 2D and 3D shapes has been a long sought goal in a wide range
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of fields in academia and industry, such as protein folding, polymer packing, cellular

robotics and aspects of self-assembly and analytical geometry.

Folding is more common in cases where the construction is involved with chain-

type components such as DNA and protein assemblies. A toy, called Rubik Snake

(Figure 1.12), which can transform into different shapes by folding proves to be useful

for understanding the operation of folding (Iguchi, 1998), with its similarities to the

features of denatured protein. Paper folding, a.k.a. origami, is a popular art which

transform a flat sheet of paper into a finished sculpture through folding and optionally

sculpting techniques (Mitani, 2016). Theories and algorithms are well studied for Rubik

Snake (Ding and Lu, 2013) and origami (Fei and Sujan, 2013; Kanade, 1980), which

primarily result in the generation of sequences as an instructions.

As a sequential operation, folding can also be accomplished automatically by robots.

Robots are developed that capable of folding a ribbon into 2D or 3D structures (Wang,

Plecnik, and Fearing, 2016) as well as finishing origami (Balkcom and Mason, 2008).

As a trend towards higher level of automation, it’s meaningful to relate the study of

sequencing to the robotic folding industry.

1.6 Thesis Structure

The thesis is structured as follows:

in Chapter 2 we will give an overview of related work to 3D rasterized model sequenc-

ing problems which have been realized both in construction and manufacturing do-

main. This will give the reader an appreciation of the current state-of-the-art of this

study.

Chapter 3, 4, and 5 are three cases study in the sequencing optimization for rasterized

3D structures respectively: PnP operation on voxels representation (homogeneous), on

bricks representation (heterogeneous), and folding operation on voxels. The three cases

represent the majority of the sequencing problems for the transformation and shaping

of rasterized structures.

Finally, in Chapter 6, we summarize this thesis with conclusion and future work.
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Chapter 2

Related Work

“A journey of a thousand miles begins with a single step."

— Laozi, an ancient Chinese philosopher.

2.1 PnP Automation in Construction and Manufacturing

Firstly, some typical examples of PnP applications in industry are listed here to demon-

strate the demands of automation in this field.

In the work of (Dierichs and Menges, 2016; Dierichs and Menges, 2017), granular

materials made from recycled plastic are aggregated to create a vertical wall as they

grip and bind to one another when stacked (Figure 2.1a). These granular components

are fully reconfigurable and recyclable (Figure 2.1b). Consequently they can be reused

after each construction phase, and infinitely rearranged to allow for change and adap-

tation during a structure’s lifetime. The pick and placement processes are autonomous

by applying an industrial six-axis articulated robot. An optimized PnP sequence will

not only enable the aggregation of granular spiky components, but also benefit the

whole system in light of its efficiency and robustness.

2.1.1 Masonry Robots

Rihani reviews some projects on robotic masonry, and presents a new initiative to study

critical issues related to the establishment of a robotic mansonry system by discussing

three major problem areas where computer and robots play a key role: (1) design au-

tomation, (2) automated mortar application, and (3) adaptive control of brick place-

ment (Rihani and Bernold, 1994). Pritschow et al. presents a process for automated
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FIGURE 2.1: The ICD Aggregate Wall. (a) A vertical wall aggregated by
granular components. (b) The granular components. The yellow one in

the center is a special one, which is used to stablize the structure.

masonry construction on a building site by means of a mobile robot (Pritschow et al.,

1996). It’s actually a semi-automated system in which the on-site operation is a man-

machine-system comprising the mobile bricklaying robot and a skilled worker. A wall

assembly system was developed by Bock et al. (Bock et al., 1996). The construction

sequence was predetermined off-line; a robot could identify the current state with a

recognition module, and determine the next move of the assembly sequence. Gramazio

and Kohler (Kohler, Gramazio, and Willmann, 2014) employs industrial robots for de-

veloping 1:1 prototypes that explore the potential of robotic production in architecture,

the Robotic manipulator arms are used to automate the assembly of complex geometric

structures.

2.1.2 Autonomous Robots

Most of autonomous construction robots are on experimental scales and they are far

from the commercial stage, though mobile robots are proved to be extremely useful in

the field of architecture (Willmann et al., 2012). A recent review presented by Ardiny

shows the state-of-the-art research into automated construction by autonomous mo-

bile robots (Ardiny, Witwicki, and Mondada, 2015). The relevant studies in terms of

applications, materials and robotic systems are classified. Magnenat et al. (Magnenat,

Philippsen, and Mondada, 2012) used the marXbot robot to grasp ferromagnetic self-

alignment blocks. The odometry and laser data were used to perform simultaneous
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localization and mapping (SLAM) and the front camera and proximity sensors were

employed to provide the required data for dropping blocks. In the work of Wismer et

al., a roofed structure was built using a VICON motion system to estimate the position

of the marXbot (Wismer et al., 2012).

It was tightly interwoven with a relatively new type of construction: aerial robotic

construction (Willmann et al., 2012; Fink et al., 2011), where unmanned aerial vehicles

(UAVs) carried bricks from palettes to designated positions to build a tower by bricks

based on predetermined sequences. They benefited from the real-time camera system

to guide robots according to digital design, allowing the robot pickup and deposit ob-

jects.

It was also touched upon in research in swarm intelligence where inspirations from

social animal behaviors like bees, ants, schools of fish or flocks of birds were applied

to robotics (Navarro and Matía, 2012). Compared with single robot, swarm robots

have advantages in parallelism, scalability, robustness and fault tolerance (Mohan and

Ponnambalam, 2009), while more challenges were also introduced such as communi-

cation between agents, task allocations, etc. A typical example is done by Werfel. et

al., where a swarm of robots assembled structures by mimicking social animals such

as termites (Werfel, Petersen, and Nagpal, 2011; Werfel, Petersen, and Nagpal, 2014).

The ground mobile robot system performs collective automated construction relying

on local information and implicit coordination to align robots to a structure, and climb

over obstacles to build structures using passive building blocks.

A system for transporting inventory items called Kiva is applied by Amazon (D’andrea

et al., 2010). This is a set of warehouse robots each includes an inventory holder capa-

ble of storing inventory items and a mobile drive unit. The mobile drive unit is able to

move to a first point and coupled with an inventory holder, like a picking operation.

Then, the mobile drive unit is capable of determining a location of the inventory holder

and calculate a route to place it to the destination. These studies are typical rasterized

structure construction using PnP.
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2.1.3 Automation in Manufacturing

Compared with AiC, AiM experienced a wide variety of development, which gives an

extremely wide range on this topic. Nevertheless, there are quite a few researches re-

viewed on the development of AiM (Frohm et al., 2008; Kalpakjian and Schmid, 2014;

Esmaeilian, Behdad, and Wang, 2016). Frohm et al. made a evaluation on the level of

automation (LoA) in manufacturing (Frohm et al., 2008). Definitions and taxonomies

for LoA has been investigated across multiple scientific and industrial domains. Es-

maeilian et al. presented a state-of-the-art survey (Esmaeilian, Behdad, and Wang,

2016) on manufacturing systems in terms of both the tangible and intangible elements,

including the influence and applications of robots on manufacturing system. They

pointed out that emerging technologies such as additive manufacturing and advanced

planning and scheduling are important factors in the trends to future developments of

manufacturing. To be concise, only AiM involving potential sequencing optimization

problems are investigated and listed as follows.

2.1.4 Surface Mount Technology (SMT)

Surface Mount Technology is a mature technology, which is applied to assemble elec-

tronic devices by soldering electronic components such as chips or resistors onto printed

circuit boards (PCB) (Prasad, 2013; Strauss, 1994). As shown in Figure 2.2, the SMT as-

sembly lines usually involve solder paste, component placement and solder re-flow op-

erations (Tirpak, 2000), and the optimization of the assembly lines can be realized from

both the surface mount devices (SMD) and the sequencial PnP operation algorithms

such as feeder setup and component PnP sequences (Ayob, Cowling, and Kendall,

2002; Ayob and Kendall, 2008). Although the topic of this thesis emphasizes the lat-

ter, the two factors are usually inter-knitted that a specific sequential algorithm is usu-

ally designed for a specific SMD placement machines or an optimized sequential idea

arouses the setup of SMD.

The first PnP SMD machine was introduced in the early 1980s, and since then it
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FIGURE 2.2: Examples of SMD PnP machines (Ayob and Kendall, 2008).
(a) A sequential pick-and-place SMD placement machine. (b) An exam-

ple of an SMD placement machine (Dima HP-10).

was keeping involving even nowadays due to significant demands on electronic de-

vices (Strauss, 1994; Bentzen, 2000). Up to now, there are various SMD placement ma-

chines available, such as sequential pick-and-place, rotary disk turret, concurrent pick-

and-place, etc. (Grotzinger, 1992; Khoo and Loh, 2000). In general, the component PnP

sequencing problem is modeled as a traveling sales-man problem (TSP), which is an

NP-hard problem (Ayob and Kendall, 2008; Truss, 1998). By incorporated with a TSP

algorithm, De Souza et al. proposed a knowledge-based component placement sys-

tem to solve the PnP sequencing problem for a SMD placement machine (DE SOUZA

and LIJUN, 1994; De Souza and Lijun, 1995). By grouping the components by type, a

quantity threshold and the device size consecutively, their algorithm obtained a 24%

improvement of the board travel distance.

2.2 Modular Self-reconfigurable Robots (MSR)

PnP motion planning has another related area in robotics: modular self-reconfigurable

robots (MSR) or Modular Robotic Systems (MRS) (Murata and Kurokawa, 2007; Yim

et al., 2007; Feczko et al., 2015). A MSR system often consists of many equal-sized

modular robots, which can be reconfigured into different shapes of a robot to achieve

various functions. Each module may have actuators, sensors, processors and ways to

communicate with its neighbors so that shape transformation is realized autonomously.

During transformation, the motion of each module is generated with certain strategy.
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Because the module of MSR is expensive (compared with other building compo-

nents, e.g. bricks), it’s usually employed as components for assembling rather than

construction work. However, the algorithms applied by MSR may involve the con-

struction sequencing problems, because of the modular feathers: (1) rasterized feature;

(2) modules/components reuse; (3) collective behavior; (4) metrics in the evaluation of

algorithm. The development of MSR may provide inspiration and guidance for mate-

rial science in direction of new construction materials. Therefore, it’s meaningful to put

an eye on this new area.

The planning algorithm of MSR are reviewed in the work of Ahmadzadeh et al. (Ah-

madzadeh and Masehian, 2015). They categorized the self-reconfiguration planning

algorithm into four classes: search-based, control-based, agent-based and bio-ispired.

Readers may go through their work for further information. As for the MSR systems,

Yim et al. investigated the state-of-the-art of MSR systems and categorized them into

two types: lattice type and chain type (Yim et al., 2009).

2.2.1 Lattice Type

Gilpin et al. designed MICHE modules (Figure 2.3a). The algorithm for the Self-

disassembly is based on local communications between modules through five steps: (i)

Neighbor discovery: modules are added to an initial assembly in an order, and upon

insertion, each module immediately commences to find its neighboring modules and

establishes magnetic connections to them ; (ii) Localization: each module locates it-

self in the assembly and sends its location data, i.e. its coordinates to a host computer

where a 3D model of the initial configuration is displayed; (iii) Sculpting: according

to the desired shape, an operator virtually sculpts the block at the host computer, and

sends back the shape information to the system; (iv) Shape distribution: a message

is sent to a single root module which controls other modules in the system; and (v)

Disassembly: any module that is located off in the last step disconnects itself from the

system (Gilpin et al., 2008). Later, an enhanced version was designed as Smart Pebbles

modules (Figure 2.3b), without the restriction of the unique root module during self-

disassembly process. (Gilpin, Knaian, and Rus, 2010; Gilpin, Koyanagi, and Rus, 2011).
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In addition, it is able to produce multiple shapes, with no restriction in the number of

modules.

FIGURE 2.3: (a) A robot-like shape self-disassembled with 10 Miche
modules. (Gilpin et al., 2008). (b) Robot Pebbles (Gilpin, Knaian, and

Rus, 2010). (c) M-Blocks (Romanishin, Gilpin, and Rus, 2013).

Romanishin et al. designed M-Blocks (Figure 2.3c), a novel self-assembling, self-

reconfiguring cubic robot that uses pivoting motions to achieve locomotion. By quickly

transferring angular momentum accumulated in a self-contained flywheel to the body

of the robot, each individual module can pivot to move linearly on a substrate of its

neighboring modules and move independently to traverse planar unstructured envi-

ronments (Romanishin, Gilpin, and Rus, 2013).

2.2.2 Chain Type

Yim developed the Polypod robot system (Yim, 1994) which consists of two types of

modules: segment and node. A segment has two degrees of freedom (DoF): two con-

nection plates at opposite ends while the node modules have no DoF, but six connec-

tion plates and contain a battery (Figure 2.4a). Castano et al. Developed the CONRO

(CONfigurable RObot) module (Castano, Chokkalingham, and Will, 2000), which has

a female connector at one end and three male connectors located at the other (Fig-

ure 2.4b). Each module has two DoF: pitch (up and down) and yaw (side to side),

which is controlled using hormone-inspired distributed controllers.
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FIGURE 2.4: (a) A Polypod segment and node module (Yim, 1994). (b)
A close-up of a CONRO module (Castano, Chokkalingham, and Will,

2000).

2.2.3 Hybrid

The MTRAN system is a highly maneuverable and reconfigurable system developed

by Murata et al. (Murata et al., 2002), which combines the positive capabilities of chain

and lattice based systems (Fig 2.5a). Each module has two kinds of boxes: active and

passive. The active cube can pivot about the link that connects them and can form

chains for performing tasks. However, during reconfiguration, each of a module’s two

cubes can occupy a discrete set of positions in lattice space when attempting to align

with another module and bond for reconfiguration.

FIGURE 2.5: (a) MTRAN III four legged configuration. Walking oc-
curs with chain-like motions, but reconfiguration occurs with modules
at specific lattice positions. (b) a complex assembly of SuperBot modules

(Salemi, Moll, and Shen, 2006).

The SUPERBOT system developed by Salemi et al. (Salemi, Moll, and Shen, 2006)
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is another example of a hybrid system (Fig 2.5b), which is designed for NASA space

exploration programs to remain robust and flexible enough to operate in harsh and un-

certain environments. Each module has 3 DoF (two similar to MTRAN with an added

twist DoF). The power can be shared within module throught its bonding mechanism.

They can communicate via high-speed infra-red light emitting diodes (LED). The mod-

ules are controlled using hormone-inspired distributed controllers as developed for the

CONRO project.

Another example is Cubimorph (Roudaut et al., 2016), a modular interactive device

consists of multiple cubes that accommodates touchscreens on each of the six module

faces. The cubes are located in a lattice system, but they use a hing-mounted turntable

mechanism in order to change its shape to fit functionalities by following a chain re-

configuration algorithm.

2.2.4 Mathematical tools involved in MSR

Pamecha et al. (Pamecha, Ebert-Uphoff, and Chirikjian, 1997) and Chiang and Chirikjian (Chi-

ang and Chirikjian, 2001) defined a few basic transformations of the modules. Recon-

figuration of a MSR system was based on recursively calculating intermediate config-

urations between a start and a destination configuration, until the transition between

consecutive configurations was immediately achievable by the basic moves. The Hun-

garian method, a combinatorial optimization algorithm that solves the assignment

problem in polynomial time (Kuhn, 1955), was applied to obtain optimally matched

module pairs between two configurations (For details about Hungarian method, see

Appendix B). For each pair, the average coordinates of the modules determined the

location of an intermediate module. This approach is applicable to modules of var-

ious shapes, such as 2D hexagon (Pamecha, Ebert-Uphoff, and Chirikjian, 1997) and

2D lattice (Chiang and Chirikjian, 2001). The algorithm they introduced inspired an-

other research for PnP sequencing (Pan, Chen, and Dritsas, 2017), which is described

in Chapter 3.
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2.3 Folding

Gao et al. proposed a new multi-primitive folding framework such as using tetra-

hedral, cuboidal, prismatic, and pyramidal components, called Kinetogami, to enable

design of 3D structures and mechanisms all folded from preplanned printed sheet ma-

terials (Gao et al., 2013). It’s a combinatorial morphing system by varying the design

of individual components in 2D so that one 3D shape can be reconfigured into another

by folding.

In the work of Ding (Ding and Lu, 2013), the theory of chain-type modular recon-

figurable mechanisms is investigated. The Clifford algebra is employed to represent

the chain geometry, and combined with exponential formula for kinematics, discrete

motion sequences can be calculated to get the position and orientation of each module.

Rubik Snake is used to evaluate the principle of modular reconfiguration mechanisms.

Cheung et al. presents a technique to programmatically general any continuous

2D or 3D shape from 1D strings (Cheung et al., 2011). The technique includes the

application of space-filling curve in Euclidean 2D and 3D space, and a subdivision of

one cell into 4 and 8 sub-cells. The technique is validated with dynamics simulations as

well as experiments with chains of modules that pack on a regular cubic lattice. Using

this technique, Tibbits proposed Programmable materials based on Logic gates, called

Logic Matter, for large-scale construction by folding (Tibbits, 2012; Tibbits and Cheung,

2012).

Xu et al. proposed a modular chain-like structure of links and connectors nodes

which can be folded into various 2D or 3D structures in a lattice system (Xu, Mccann,

and Dollar, 2016; Xu, McCann, and Dollar, 2017). The node geometry consists of a

diamond-like shape that is one-twelfth of a rhombic dodecahedron, with magnets em-

bedded on the faces to allow a forceful and self-aligning connection with neighboring

links. Prototype consisting of 350 links are demonstrated in their work.

2.4 LEGO Construction

A LEGO construction problem was proposed in 1998 (Gower, Heydtmann, and Pe-

tersen, 1998): Given any 3D body, how can it be built from LEGO bricks? This problem
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is as a prerequisite listed here for the contents of Chapter 4. Nowadays, the problem is

largely solved owing to several computational algorithms (Kim, Kang, and Lee, 2014).

These algorithms mostly fall into two categories: one focuses on interlayer connectivity

and the other on structural stability. For example, the algorithm proposed in (Gower,

Heydtmann, and Petersen, 1998) evaluated the connectivity between bricks by heuris-

tics, in which a cost function was defined as the evaluation metric. The algorithm

aimed to optimize the cost and automatically generate an assembly. Later, alternative

optimization methods, such as an evolutionary algorithm (Petrovic, 2001) and a cellu-

lar automata algorithm (Smal, 2008), were introduced to improve to the computational

speed and the generated LEGO assembly.

More recent work focused on the balance and stability of LEGO models. In (Ono,

Alexis, and Chang, 2013) and (Testuz, Schwartzburg, and Pauly, 2013), an initial LEGO

structure was represented by a graph; then a graph algorithm was applied to iden-

tify structurally weak points corresponding to weak LEGO bricks; the vicinity of these

bricks were replaced by an alternative layout to achieve stronger assembly. The process

was iteratively applied till the overall structural strength was up to certain criteria. Luo

et al. (Luo et al., 2015) used a force-based metric to evaluate the balance condition of

LEGO bricks in terms of the force and torque they were subject to. Weak and unstable

bricks were modified to avoid collapsing. Several real-sized objects were constructed to

verify the force-based method. Hong et al. (Hong et al., 2016) proposed a centroid ad-

justment method that can optionally hollow the interior of a LEGO model. Structures

produced by the method can stand in a particular pose steadily. Zhang et al. (Zhang

et al., 2016) proposed a divide-and-conquer method through a concept called “pseudo

floor”, which divides a structure into components without floating bricks. The compo-

nents can be assembled separately and then be connected to each other to produce the

final assembly.

All the above methods address the problem of LEGO construction, while Pasek and

Yip-Hoi (Pasek and Yip-Hoi, 2005) proposed an interesting computer integrated man-

ufacturing system based on LEGO bricks. They described various components of the

system aimed at educational purposes, and ways to assemble and disassemble LEGO

models. They even showed conceptual ideas of a gripper designed to pick and place
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LEGO bricks automatically. Their work touches upon a research topic has not been

explored to the best of our knowledge. That is how to achieve shape transformation

from one LEGO model to another. This involves optimization strategies to minimize

the steps of transformation and to maximize the reuse rate of LEGO bricks.
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Chapter 3

Sequencing for Homogeneous

(Voxel) Structures
1

“Minimalism is not a lack of something. It’s simply the perfect amount

of something."

— Nicholas,Burroughs

3.1 Overview

Specifically, we study PnP motion planning strategies for a Cartesian robot with at least

three axes to transform a set of equally-sized parts from one configuration to another.

Our application is relevant to additive manufacturing processes based on stacking but

it has broader applications to building construction, rapid prototyping and industrial

engineering. There are certain assumptions of the capabilities and limitations of the

operating machine such as:

(1) It can reach a 3D work envelope without penetrating a structure so there are no col-

lisions between the parts and the machine;

(2) The parts are held from their top surface using a gripper such as a pneumatic vac-

uum suction system; and

(3) The parts are spaced apart within tolerance so interface friction characteristics are

not regarded during final placement.

1The work in this chapter has previously been published in (Pan, Chen, and Dritsas, 2017)
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The proposed PnP motion planning has three processing stages, as illustrated in

Figure 3.1:

(1) Rasterization,

(2) Model Alignment, and

(3) Motion Sequencing.

The method accepts a closed polygonal mesh as input, which is rasterized into vox-

els.

3.2 Preprocessing

3.2.1 Rasterization of Pyramidal Structures

Rasterization of a triangle mesh is a well studied topic with many algorithms avail-

able in the open literature (Huang et al., 1998; Ix and Kaufman, 2000). We rasterize

well-oriented mesh surfaces into voxels followed by a flood-fill operation that assigns

interior voxels.

(a) Mesh Model (b) Rasterization (c) Alignment (d) Motion Sequencing

source

destination

FIGURE 3.1: Processing stages. (a) Input mesh models. (b) Rasterized
models. (c) Model alignment. (d) Motion sequence to transform the

source to destination.
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3.2.2 Model alignment

Model alignment aims to maximize the overlapping volume of two structures and in

that respect, minimize required actions for reconfiguration. It is not a trivial problem

in computational geometry. Many studies have been conducted in 2D (De Berg et al.,

1998; Fukuda and Uno, 2006; Vigneron, 2014). There are also some work in 3D (Fukuda

and Uno, 2007; Ahn, Cheng, and Reinbacher, 2013; Ahn et al., 2014) and they deal with

shapes in polyhedral representation. Complexity and computational overhead of these

methods are considerable. We are dealing with the rasterized representation, and if we

assume that the structures are already aligned in the vertical direction on input and that

only rigid-body translation without rotation is allowed during alignment, the problem

becomes computationally affordable by exhaustive search in the horizontal plane.

After two rasterized structures are aligned, we can classify voxels in three categories

(e.g. Figure 3.2).

Mover (M ): voxels present only in the source set,

Void (V ): voxels present only in the destination set,

Overlapped: voxels present in both sets.
As their names suggest, to transform the source to destination M must be moved to V

voxels and the overlapped voxels shall remain in place.

1’

7’

5’ 6’

8’

2’

3’ 4’

(a)

1 4

86 7

2 3 5 1 4 5

8

7’

5’ 6’

6, 3’7, 4’

2, 1’3, 2’

8’

(b)

FIGURE 3.2: Model alignment. (a) Unaligned structures. Structure 1 has
voxels 1 to 8. Structure 2 has voxels 1’ to 8’ (b) Aligned structures. M
voxels in green, V voxels in yellow, and the overlapped voxels in gray.

If a transformation involves an unequal number of M and V , we will put extra M

voxels to palette or move additionally required V voxels from palette. The shape of the

palette is defined as a linear stack without loss of generality.
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3.3 Voxels Sequencing

3.3.1 Cost function

Based on the Cartesian coordinate system, we define the cost of moving an M to a V

voxel as

cij = |xj − xi|+ |yj − yi|+ 2zmax − zi − zj (3.1)

where (xi, yi, zi) and (xj , yj , zj) denote the coordinates of Mi and Vj respectively, and

zmax is the clearance or rapid motion plane. The cost function models a three-axis

Cartesian robotic machine: the movement in the x and y directions is executed sequen-

tially and is only allowed at zmax to avoid collision with the structures. As depicted in

Figure 3.3, the cost function consists of four distances: dzi, moving Mi to zmax; dx and

dy, moving Mi in the zmax plane so that its x and y coordinates coincide with those of

Vj ; dzj , moving Mi from zmax to Vj .

x

y

z

dzi

dx
dzj

dy
zmax

V j

Mi

gripper

FIGURE 3.3: Cost of PnP. A typical move of Mi to Vj consists of four
distances: dx, dy , dzi and dzj .

3.3.2 Mapping M to V

To generate a motion sequence, we are concerned with which M voxels are moved to

which V voxels. There exist many ways of mapping M to V while we are interested in
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the one that produces the lowest total cost of movement. Assuming that there are n M

to be moved to the same number of V , we can calculate the costs of moving each M to

all V by Equation 3.1. The costs can be expressed in a cost matrix

Cn×n =



V1 V2 · · · Vn

M1 c11 c12 · · · c1n

M2 c21 c22 · · · c2n
...

...
...

. . .
...

Mn cn1 cn2 · · · cnn

 (3.2)

where the i-th row contains the costs of moving Mi to all V , and the j-th column con-

tains the costs of moving all M to Vj . The cost matrix completely captures every pos-

sible mapping from an arbitrary M to an arbitrary V . Next we find the minimal total

cost such that each M is mapped onto a distinctive V .

In principle, finding the best mapping between M and V is an assignment prob-

lem, which is a combinatorial optimization problem having factorial complexity to the

number of elements (Burkard, Dell’Amico, and Martello, 2009), stated in the next sec-

tion (Burkard, Dell’Amico, and Martello, 2009). A brute-force search for the minimal

cost requires comparison of n! sequences, while the Hungarian method is a much more

efficient search algorithm with time complexity O(n3) (Kuhn, 1955; Frank, 2005). A

standard numerical procedure of the Hungarian method feeding the cost matrix as

the input is applied. For further information about the implementation Hungarian

method, please refer to Appendix B. The output is n pairs of M and V with the total

cost of moving eachM to the corresponding V guaranteed to be minimum. In addition,

computing a solution requires consideration of constraints that originate in physical

motion limitations such as the machine’s reach, the geometric shape of the elements,

and potential collisions among the machine and elements.

3.3.3 Assignment Problem

The assignment problem is a special type of transportation problem where the objec-

tive is to minimize the cost of allocating a number of jobs to a number of persons so
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that one person is assigned to only one job. The assignment model is useful in solv-

ing problems such as assignment of machines to jobs, assignment of salesmen to sales

territories, etc. It may be noted that with n persons and n jobs, there are n! possible as-

signments. The direct way to find the optimal assignment is to consider all the n! possi-

ble arrangements, compute their total costs, and select the assignment with minimum

cost. However, due to exponential computational cost, this method is not suitable. For

solving assignment problem, there is an efficient method which was developed by a

Hungarian Mathematician D.König.

3.3.4 Physical constraint

Despite that the lowest-cost M -V pairs can be generated by the Hungarian method,

they do not necessarily lead to feasible sequences, where feasibility is determined by

physical constraints of a PnP process. In this study, our PnP machine uses a pneumatic

vacuum suction gripper; so it is subject to a top-access constraint, meaning PnP is only

applicable to voxels at the top surface of a structure.

We use shape transformation in Figure 3.2(b) to show examples of a feasible and an

invalid sequence. The M : {1, 4, 5, 8} are to be moved to V : {5′, 6′, 7′, 8′}; hence, the cost

matrix is

C4×4 =



5′ 6′ 7′ 8′

1 7 8 6 7

4 8 7 7 6

5 9 8 8 7

8 7 6 6 5

. (3.3)

The Hungarian method produces the following lowest-cost pairs: 1 → 7′, 4 → 8′,

5→ 5′, 8→ 6′, with a total cost 6+6+9+6 = 27. A feasible sequence is 5→ 5′, 1→ 7′,

8→ 6′, 4→ 8′, as illustrated in Figure 3.4. A voxel at the top surface of the structures is

picked and placed at each step.

An alternative lowest-cost solution of the Hungarian method is 5 → 5′, 1 → 7′,

8 → 8′, 4 → 6′. (The total cost is also 27.) After two steps, it is impossible to move 8 to

8’ and 4 to 6’ because of a deadlock under the top-access constraint shown in Figure 3.5.
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1 4

5, 5’

8

2, 1’3, 2’

6, 3’7, 4’

(a)

1, 7’

4

8

(b)

2, 1’3, 2’

6, 3’7, 4’

5, 5’

4

8, 6’

(c)

2, 1’3, 2’

6, 3’7, 4’

1, 7’

5, 5’

4, 8’

(d)

8, 6’

2, 1’3, 2’

6, 3’7, 4’

5, 5’

1, 7’

FIGURE 3.4: A feasible sequence of shape transformation in Fig-
ure 3.2(b). (a) 5 → 5′, (b) 1 → 7′, (c) 8 → 6′, (d) 4 → 8′. The top

surface is indicated in red.

3.4 Strategies

Four strategies: Global Optimization, Local Optimization, Greedy Selection, and Ran-

dom Selection strategies, are proposed in generating motion sequences.

3.4.1 Global Optimization Strategy (GOS)

The cost matrix contains allM and V , and the resultantM -V pairs from the Hungarian

method are guaranteed to produce the minimum total cost; however, the M -V pairs

may not be feasible for PnP under the top-access constraint. Hence, GOS is used as a

lower bound of the total cost, not as a method for generating valid motion sequences.

3.4.2 Local Optimization Strategy (LOS)

LOS aims at producing motion sequences that are valid against the top-access con-

straint apriori without computation of collisions by simulation. It thus constructs a

cost matrix of M and V directly accessible on the respective structures and applies the
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4

8

6’

8’

2, 1’3, 2’

6, 3’7, 4’

1, 7’

5, 5’

FIGURE 3.5: Invalid sequence: 8→ 8′ and 4→ 6′, due to deadlock.

same Hungarian method to find the lowest-cost M -V pairs, which is a subset of all M

and V ; therefore, it is not global but local optimization. After these M are moved to the

corresponding V , the top voxel surfaceM and V of each structure are updated. Then, a

new cost matrix is calculated based on the new set ofM and V . The process is repeated

until all M are moved to V .

For example, in Figure 3.2(b) at the start of transformation, the top-surfaceM and V

are {1, 5, 8} and {5′, 6′} respectively. (V {7′, 8′} are on the top surface at the final stage,

not the initial stage.) The cost matrix is

C3×2 =


5′ 6′

1 7 8

5 9 8

8 7 6

. (3.4)

The number of M is larger than that of V ; the Hungarian method is able to discard an

M associated with high costs such that the total cost of paired M and V is minimum.

The M -V pairs found are 1 → 5′ and 8 → 6′ while M{5} dose not participate in trans-

formation at this stage. PnP may be applied to these pairs in any order [Figure 3.6(a)].

Next, the top-surface M and V become {4, 5} and {7′, 8′} respectively and the new cost

matrix is

C2×2 =


7′ 8′

4 7 6

5 8 7

. (3.5)
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The M -V pairs are 4 → 7′ and 5 → 8′ [Figure 3.6(b)], or 4 → 8′ and 5 → 7′. The total

cost of LOS is 7 + 6 + 7 + 7 = 27, which happens to be the lower bound produced by

GOS (Section 3.3.4).

1, 5’

4 5

8, 6’

(a)

2, 1’3, 2’

6, 3’7, 4’

(b)

4, 7’5, 8’

1, 5’8, 6’

2, 1’3, 2’

6, 3’7, 4’

FIGURE 3.6: Motion sequence generated by LOS. (a) First stage. (b) Sec-
ond stage.

3.4.3 Greedy Selection Strategy (GSS)

GSS aims at producing valid motion sequences without using the Hungarian method.

The cost matrix is constructed in exactly the same way as LOS. The lowest-cost M -V

pair in the matrix is selected by simply searching for the first instance of the lowest

cost value element. The M is moved to the paired V , and their corresponding row and

column are removed from the matrix. This completes one step of transformation.

If new M and V appear on the top surface as a consequence the above transforma-

tion, the cost matrix is updated by adding a row for an M and a column for a V . Then,

the same process is applied: searching for the lowest-costM -V pair in the matrix, mov-

ing the M to V , and removing their corresponding row and column, etc. The process

is repeated until all M are moved to V . The strategy is named greedy move because at

each step only the lowest-cost M -V pair is moved, not all those on the top surface.

Based on the example of Figure 3.2(b), GSS produces motion sequence: 8 → 6′,

4→ 8′, 1→ 5′, 5→ 7′, shown in Figure 3.7. The total cost is 6 + 6 + 7 + 8 = 27.
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1 4 5

8, 6’

(a)

2, 1’3, 2’

6, 3’7, 4’

1

4, 8’

5

8, 6’

(b)

2, 1’3, 2’

6, 3’7, 4’

1, 5’

4, 8’

5

8, 6’

(c)

2, 1’3, 2’

6, 3’7, 4’

1, 5’

4, 8’5, 7’

8, 6’

(d)

2, 1’3, 2’

6, 3’7, 4’

FIGURE 3.7: Motion sequence generated by GSS. (a) 8 → 6′. (b) 4 → 8′.
(c) 1→ 5′. (d) 5→ 7′.

3.4.4 Random Selection Strategy (RSS)

RSS is similar to GSS except that at each step a random, as opposed to a lowest-cost,

M -V pair is selected for PnP. Thus processing time for searching the top-voxel surface

for the best element is eliminated. RSS simulates a relatively random PnP process and

its total cost may be considered as an average of all different feasible motion sequences.

3.5 Results and Discussions

The motion planning strategies were tested on several computer models shown in Fig-

ure 3.8. The models were first rasterized into structures of similar sizes, regardless of

their original dimensions. Due to the rasterization method implemented, it’s hard to

control accurately the number of voxels in a rasterized model; hence, shape transfor-

mation required moving material from and to a linear stack. Table 3.1 shows the total

cost and computational time of the strategies in application to transforming the models

to each other. Models on the left column are the source and those on the top row are
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the destination of transformation. The number below a model indicates the number

of voxels of the rasterized structure. The total cost is a representation of the workload

when shape transformation is realized in a physical PnP system. The computational

time is the CPU processing time for generating a motion sequence from a C++ pro-

gram running on a Windows 64-bit PC, Intel(R) Core(TM) i3-2310M CPU 2.10 GHz,

RAM 8 GB.

For each transformation shown in Table 3.1, it is the number of M -V pairs, not the

number of voxels in the structures, that suggests the amount of work needed because

prior to PnP, the structures have been aligned and overlapped voxels do not require

movement. This can be seen in the transformation from the pyramid (left column)

to wall (top row), and from the pyramid to igloo (top row). The first transformation

involved 1643 M -V pairs while the second one only involved 325 M -V pairs. The

pyramid and igloo are more similar in shape, thereby better aligned, which is the reason

for the reduction in the cost and time.

Overall, in terms of the cost metric, GOS is the best strategy of the four as it guar-

antees to produce the lower bound of the total cost; however, the M -V pairs generated

by GOS do not suggest a motion sequence by default. Sometimes, they do not lead to a

feasible motion sequence at all (Section 3.3.4). The second-best strategy is LOS, which

generates groups of M -V pairs in several steps of processing. The groups naturally

determine a sequence. For M -V pairs within each group, they can be moved in any

sequence as they are all on the top surface of the respective structures. GSS is the third

best strategy, slightly worse than LOS but clearly better than RSS.

In terms of the time metric, RSS is the fastest strategy since little calculation is

needed. All it does is to update the top-surface M -V pairs of two structures, and pick

a random pair. GSS and LOS are similar in the speed of processing. GSS has to update

the top-surfaceM -V pairs after every PnP action; therefore, albeit light-weight process-

ing at each step, the accumulated processing time may not be shorter than that of LOS.

LOS applies the Hungarian method multiple times; at each time a group of M -V pairs,

not one pair, are completed with PnP; hence, the number of iterations of calculation is

much fewer than that of GSS, and the cost matrix is not huge. In contrast, GOS only

applies the Hungarian method once to all M and V with a huge cost matrix, which
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(b)(a)

(c) (d)

(e) (f)

(g) (h)

FIGURE 3.8: Test models: (a) wall, (b) pyramid, (c) starfish, (d) cube, (e)
igloo, (f) castle, (g) stairs, and (h) Eiger mountain.

makes it the most time-consuming strategy.

The performance of the strategies with respect to different resolutions of rasteriza-

tion is also studied in this work. Figure 3.9 shows the results based on a particular

transformation: from the starfish to the castle model, while other transformations ex-

hibit similar patterns. As can be seen, the total cost increases about linearly with the
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increment in the number of M -V pairs. Same applies to the time with exception of

GOS, whose time complexity is O(n3). The results of GOS at high resolutions are not

included in Figure 3.9(b) to avoid drastic downscaling of the time axis. Most impor-

tantly, the overall trend shows that increasing resolution will not induce cubic increase

in the time of LOS, whereas one might thought so intuitively for it is based on the

Hungarian method with time complexity O(n3).
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FIGURE 3.9: Total cost (a) and computational time (b) of the strategies
based on transformation from the starfish to the castle model at differ-
ent resolutions of rasterization. The number of M -V pairs indicates the

resolution: more M -V pairs, higher resolution.

Based on the comparisons, LOS stands out as it can achieve an appealing balance

between the cost and processing time. Figure 3.10 shows a sequence of transformation

obtained by LOS in the order of wall, pyramid, starfish, cube, igloo, castle, stairs, and

Eiger. The resolution of rasterization is set to show clearly each model and is much
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higher than that used in the previous experiments. Note that in several transformations

material were moved from and to a linear stack to compensate for unequal number of

M and V .

In our study, the principle and experiments suggest that an optimal motion se-

quence can only be generated in consideration of physical constraints. Although the

top-access constraint is a specific assumption and it prevents the construction of over-

hanging structures, it’s anticipated that the proposed approach in LOS has more gen-

eral applications. Under different situations, alternative cost functions and physical

constraints may be framed; the approach of first selecting voxels satisfying the con-

straints, then optimizing M -V pairs would lead to methods that are computationally

light weight and produce low-cost solutions.

3.6 Conclusion and Future Work

Based on a particular PnP model, several strategies have been proposed to achieve

shape transformation of rasterized 3D structures. The global strategy GOS produces

the lower bound of the total cost but does not guarantee a feasible motion sequence.

Comparison of different strategies shows that the local strategy LOS outperforms the

others that are able to generate feasible PnP sequences.

Application of the proposed methods can be found in areas such as collective con-

struction, automatic assembly, reconfigurable robots, and rapid prototyping. In a large-

scale problem involving the movement of thousands or more parts, minimizing the

workload and obtaining a motion sequence in a short time are both important. The

strategy proposed in this paper is a reference for alternative methods under other

application-dependent physical constraints.

The top-access constraints restrict LOS to only non-overhang structures, as shown

in Figure 3.10. However, LOS is still extensible with given supportive materials, for in-

stance, sticky structures or bricks which can buckle each other like Lego bricks enable

the overhanging shape. In these cases, the conditions will be more complicated consid-

ering the order of motion planning. Our future work will focus on algorithms to trans-

form structures made of several types of parts, e.g. Lego. Algorithms based on parts
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with different properties, such as color and texture can be another interesting topic.

This would enable transformation of structures with varying surface features. Model-

ing a realistic robotic machine is another topic to investigate. A more flexible robotic

machine may save the trouble to move all the way to the clearance plane. Perhaps,

the topology of a structure can indicate which part should be moved first. Algorithms

that combine topological information with machine capabilities may lead to optimiza-

tion strategies that could solve the problem of accessibility and motion sequence in one

framework.
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TABLE 3.1: Comparison of the total cost and computational time.

From To wall pyramid starfish cube igloo castle stairs Eiger
2435 2455 2550 2250 2346 2441 2437 2466

wall
2435

M -V pairs 1643 2248 1625 1677 2153 1876 1581

Cost

GOS 60021 89191 54855 58875 91192 71779 46845
LOS 60199 89263 55789 59479 91192 71917 48038
GSS 61201 89377 56585 60509 92536 74059 47883
RSS 62413 98707 58653 62419 93630 74931 51523

Time

GOS 4440 9431 3744 4058 10718 4621 1684
LOS 9.5 21.1 9.9 9.5 14.9 11.2 3.6
GSS 15.1 23.4 15.1 15.4 19.9 18.9 14.2
RSS 5.8 8.9 6.0 6.0 9.2 7.0 2.2

pyramid
2455

M -V pairs 1643 1492 1191 325 1748 1272 1072

Cost

GOS 60021 55470 39384 8911 62229 39336 30259
LOS 60761 55514 39384 8977 62241 39472 30679
GSS 62009 55840 39470 9433 62791 40016 30323
RSS 62413 56664 39756 9809 64971 43168 31079

Time

GOS 1093 1829 1147 6.1 4097 1333 164
LOS 9.1 22.3 8.9 2.6 14.7 7.3 2.3
GSS 15 14.6 10.5 2.5 16.4 11.4 9.4
RSS 6.4 6.0 4.8 1.7 7.0 5.2 1.5

starfish
2550

M -V pairs 2248 1492 2169 1552 2016 1895 1846

Cost

GOS 89191 55470 73674 51677 75891 88120 71114
LOS 89351 55510 73682 51677 76065 88134 71628
GSS 89649 55888 74074 51939 77929 88502 71376
RSS 98691 56596 75826 52735 88209 90546 72074

Time

GOS 2677 2757 10690 3108 5137 5436 3349
LOS 15.8 22.5 30.2 30.3 19.2 13.9 8.1
GSS 23.7 14.7 23.7 15.4 21.8 19.6 20.1
RSS 9.0 5.7 8.9 6.0 8.1 7.7 2.7

cube
2250

M -V pairs 1625 1191 2169 973 1590 1141 902

Cost

GOS 54855 39384 73674 26625 59400 34446 22184
LOS 56011 39384 73728 26625 59724 34678 22794
GSS 56627 39460 73862 26667 59594 35508 22414
RSS 58607 39792 75942 27017 61196 39372 26158

Time

GOS 1519 758 6248 551 3304 596 92.3
LOS 9.6 9.0 26.0 6.0 9.0 6.5 1.8
GSS 14.7 10.4 23.3 8.1 14.4 9.7 7.6
RSS 6.5 4.9 9.4 4.1 6.6 4.8 1.3

igloo
2346

M -V pairs 1677 325 1552 973 1703 1141 964

Cost

GOS 58875 8979 51677 26625 62783 34432 24789
LOS 60211 9047 51683 26625 62861 34754 24967
GSS 60949 9411 51887 26649 63215 34848 25093
RSS 62367 9809 52867 27025 66747 39526 26457

Time

GOS 1319 7.2 2341 382 3714 732 81.6
LOS 9.9 2.6 30.4 6.2 13.9 6.8 1.9
GSS 15.1 2.4 15.3 8.0 15.8 10.0 8.1
RSS 7.0 1.8 6.7 4.0 7.7 5.1 1.3

castle
2441

M -V pairs 2153 1748 2016 1590 1703 1358 1839

Cost

GOS 91192 62229 75891 59400 62783 45249 74994
LOS 91192 62267 76255 59762 62855 45679 74780
GSS 92546 62585 77831 59592 63007 46229 75050
RSS 93630 64971 88217 61232 66711 47431 75638

Time

GOS 3502 4832 4376 1478 3737 808 1004
LOS 13.6 17.2 20.8 9.4 15.6 8.3 4.6
GSS 19.6 16.6 21.2 14.4 16.3 11.9 18.9
RSS 9.6 8.1 9.6 7.5 8.1 6.6 2.5

stairs
2437

M -V pairs 1876 1272 1895 1141 1141 1358 1384

Cost

GOS 71779 39336 88120 34446 34432 45249 47449
LOS 71823 39578 88328 34664 34722 45527 47511
GSS 75887 39698 88198 35640 34624 45897 48289
RSS 74931 43168 90554 39320 39426 47431 50487

Time

GOS 1513 1209 3699 603 591 1121 377
LOS 12.2 8.5 14.9 7.5 7.1 8.9 3.5
GSS 17.6 11.1 19.4 9.6 9.9 13.5 11.8
RSS 8.8 6.3 9.5 5.6 5.7 7.0 1.8

Eiger
2466

M -V pairs 1443 1072 1846 902 964 1839 1384

Cost

GOS 50734 30259 71114 22184 24789 74994 47449
LOS 51584 30291 71126 22652 24987 74780 47497
GSS 51996 30355 71180 22326 24983 75020 48213
RSS 52606 31079 72114 26268 26649 75638 50487

Time

GOS 2795 215 1145 115 144 3605 716
LOS 9.2 2.8 8.6 2.1 2.3 5.6 4.0
GSS 14.5 9.3 20.3 7.6 8.6 17.8 12.0
RSS 6.0 1.5 2.8 1.4 1.4 2.6 1.8
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Wall: 13349 vox. Transform to pyramid 2000 vox. moved 5000 vox. moved 8000 vox. moved

2000 vox. moved

4000 vox. moved

Transform to cubeStarfish: 13383 vox.4000 vox. moved

3000 vox. moved

5197 vox. moved

5000 vox. moved6715 vox. movedCube: 12393 vox.Transform to igloo

8669 vox. movedTransform to starfish Pyramid: 12906 vox.2000 vox. moved

800 vox. moved

1500 vox. moved 2000 vox. moved 2855 vox. moved Igloo: 12269 vox. Transform to castle

1000 vox. moved3000 vox. moved5000 vox. moved6755 vox. movedCastle: 13461 vox.

Transform to stairs 1500 vox. moved 3000 vox. moved 6042 vox. moved

Stairs: 12481 vox.6000 vox. moved8027 vox. moved 2000 vox. moved4000 vox. moved Transform to mountain

4500 vox. moved

FIGURE 3.10: A sequence of transformation obtained by LOS. M voxels
subject to PnP at the current stage are indicated in red. Other M voxels

are indicated in green. Voxels of the destination are indicated in gray.
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Chapter 4

Sequencing Optimization for

Heterogeneous (Brick) Structures

“The fewer moving parts, the better." “Exactly. No truer words were

ever spoken in the context of engineering."

— Christian Cantrell, Containment

4.1 Overview

Efficiency is crucial to all kinds of physical construction. In different scenarios, the

meaning of efficiency varies. This paper presents a study of efficiency, in terms of cost

of motion and material reuse, regarding shape transformation of LEGO models.

The general pipeline is shown in Figure 4.1. The algorithm takes two polygonal

mesh models as input. The first model is source, converted (Legolized) into a pre-built

LEGO assembly; the second model is the target model. Finally, users could build the

second model layer by layer by following the bricks transporting sequences.

4.2 Preprocessing

4.2.1 Rasterization of 3D Model with Color Information

In digital 3D models, color information usually stored in mesh as vertex color, face

color and texture color. In the first and second case, color information can be directly

retrieved from the file. However, in the last case (more often than not), color is inte-

grated as a bitmap image mapping to the mesh, which is represented as texture color.
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Source

Target

Transformation

Sequencing

Legolization

FIGURE 4.1: A general pipeline for transformation of two 3D model
(LEGO).

Tools exist which provide functions to transfer texture color into face color or vertex

color (Cignoni et al., 2008). To maintain the resolution of color information, an opera-

tion of regional subdivision of polygons (eg. triangles) is usually necessary, as shown

in Figure 4.4.

A LEGO package has bricks in various shapes and colors. To facilitate the presen-

tation of the principle, seven different shapes and one hundred and fourteen colors are

used as shown in Figure 4.2. Then the face color is rounded to the closest standard

LEGO brick color in the rasterization process.

FIGURE 4.2: Seven different-shaped LEGO bricks used in this study.
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FIGURE 4.3: A fully surrounded brick, the 2-by-2 yellow brick, is not
movable.

Remesh

Texture color

to face/vertex color

FIGURE 4.4: An operation of regional subdivision of polygons is usually
necessary for the translation from texture color to face color.

4.2.2 Legolization: Brick Layout Generation

To generate a LEGO representation of a 3D model, the work of Hong et al. is referred in

this section (Hong et al., 2016). The brick layout assembly is generated layer by layer.

In each layer, the first step is to select the voxel that has fewer neighbors to merge into

a brick, as a voxel with fewer neighbors is more likely to form weak brick connections.

The possibility whether a voxel is to be selected is determined by Equation 4.1.
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P =

1, if nNeighbor <= 3

1/ exp(nNeighbor), otherwise
(4.1)

The second step is to merge the voxel we selected above into a brick with its merge-

able neighbors. According to the heuristic rules proposed by Gower (Gower, Heydt-

mann, and Petersen, 1998), bricks with more perpendicular connections result in better

stability of the sculpture. A simple conclusion is larger bricks commonly own more

connections. Therefore, the brick layout of the bottom layer will be merged based sim-

ply on the bricks size. For the other layers, the brick merging will be determined by

both connections with bricks in the previous layer and its brick size. A brick value inte-

grated the two factors is computed by Equation 4.2, the brick with the best brick value

will be selected thus merged.

VBrick = αCConnection + (1− α)CBrickSize (4.2)

The value of α ranging from 0 to 1 determines the weight ofCConnection andCBrickSize.

Higher α strengthens the connections while increases the demand for big bricks. α = 1

is chosen in this work by assuming an unlimited bricks stock. It should be noted that

some structures exist parts that are inevitably pendant when it’s assembled bottom-up

and layer-by-layer until a type of larger brick, e.g. 2 × 10 brick is introduced, another

alternative solution is to apply the method proposed by Zhang (Zhang et al., 2016).

However, bricks like this are still able to connect with bricks in an upper layer. In this

case, the CConnection is 0, we continue to merge it based on brick size.

It should be noted that PnP of a LEGO brick is subject to physical constraints. A

brick fully or partly under other bricks cannot be picked; a brick disconnected from

a partially built model cannot be placed as it would be hanging in the air. Figure 4.3

shows an additional constraint. Although the 2-by-2 yellow brick is on the top surface,

it cannot be picked without moving the surrounding green bricks; hence, such fully

surrounded bricks cannot be picked either. Hereafter, bricks that satisfy the physical

constraints are regarded as movable bricks.
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4.3 Bricks Sequencing

Two basic approaches are proposed. The first approach assumes that a source and a

target LEGO models are available. A PnP motion sequence to transform the source

to target is generated by an algorithm. The second approach assumes that the source

LEGO model is available while the LEGO representation of the target is not fixed but is

created from an interim voxelized model during transformation. Figure 4.5 depicts the

difference between the two approaches: rigid transformation (RT) and flexible transfor-

mation (FT). In both approaches, the source model is disassembled from top to bottom

and the target model is built from bottom to top, layer by layer. In RT, without loss

of generality a variant of the algorithm described in (Hong et al., 2016) is applied to

generate both LEGO models; at each layer, large LEGO bricks are used with priority. In

FT, movable LEGO bricks on the source model are used with priority. When required

bricks are unavailable, they are obtained from a stock that is assumed to have unlim-

ited supply of all types of bricks; then large bricks are use with priority just as in RT.

The motivation behind FT is to increase the reuse rate; however, the side effect is that

the target model generated by FT has larger number of LEGO bricks and is less stable

than that by RT. While the stability issue is not concerned in this study, the metrics of

performance such as the cost of shape transformation associated with the number of

LEGO bricks are evaluated.

In the previous section, the polygonal mesh is converted to a rasterized model made

of identical voxels, which is described in Chapter 3. Then, the voxels are grouped into

LEGO bricks, which is the key step in LEGO generation. The algorithm described in

(Hong et al., 2016) generates various possible voxel groups (i.e. LEGO bricks) at each

layer by heuristics, and applies a scoring system to determine the final bricks. The

scoring system show as follows is used to generate LEGO models, which is not fixed

and can be changed according to different situations.
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RT

F
T

Target

model

FT

Source

model

Interim

voxelized

model

FIGURE 4.5: Two basic approaches: rigid transformation (RT) and flexi-
ble transformation (FT).

Rigid Transform Approach (RT) In the RT approach, the score of a brick b is calcu-

lated by

S1 =


Ab, Bottom layers

Nc, Upper layers
(4.3)

where Ab is the area of the brick (e.g. Ab = 4 for a 2-by-2 brick), and Nc is the number

of bricks at a lower layer that b is connected to. LEGO generation goes from bottom to

top. A bottom layer does not have a layer beneath it; this includes a base layer and the

lowest layer of an overhung section. On a bottom layer, a large brick gets a high score;
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on upper layers, a brick with many connections gets a high score.

Flexible Transform Approach (FT) In the FT approach, the source model is generated

in exactly the same way as in RT. For the target model, the score of a brick b is calculated

by

S2 =


NbS1, Nb > 0

S1/V Nb = 0

(4.4)

where Nb is the number of movable b type bricks currently available from the source,

and V is the number of voxels in the target model. Nb works as a weighting factor that

biases towards a type of brick that has abundant supply from the source. If the b type

is unavailable from movable bricks (Nb = 0), its score is S1/V , effectively the same as

switching back to Equation 4.3. Dividing V ensures that movable bricks always get a

higher score than unavailable bricks.

Based on the calculated scores, voxel groups are converted to LEGO bricks in a

score-descending order. In general, LEGO models generated by Equation 4.3 is more

robust, whereas the target models generated by Equation 4.4 would make use of more

bricks from the source model.

4.3.1 Transform Strategies

Under each approach, three strategies were investigated, as illustrated in Figure 4.6. In

Strategy 1, the source model is disassembled completely and the LEGO bricks are put

to a buffer; then the target model is built using bricks from the buffer and a stock with

the buffer used by default. If certain brick cannot be found in the buffer, it is obtained

from the stock, which can supply of all types and colors of bricks.

In Strategy 2, movable bricks from the source model are directly picked and placed

on the target model. If some required bricks on a target layer do not have matching

movable bricks on the source, an initially empty buffer is searched for such bricks.

If they exist, PnP continues from the buffer to target; otherwise, one layer of bricks

are disassembled from the source and placed to the buffer so that a new layer can

be uncovered on the source model. If movable bricks on the new layer satisfy the

requirement of the target layer, PnP can resume from the source to target; otherwise,
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Buffer

Stock
Source Target1

StockSource Target2

Buffer

Stock

Source Target3

FIGURE 4.6: Three strategies under each approach. Strategy 1: Disas-
semble the source model completely to a buffer; then build the target
from the buffer and a stock. Strategy 2: Build the target from the source,
a buffer (disassembled bricks from the source), and a stock. Strategy 3:

Build the target from the source and a stock.

another layer is disassembled to the buffer; so on and so forth till there is no brick

on the source. If that happens, a stock will be used to provide a required brick for the

target. Then, bricks are moved from the buffer and stock to the target, just as in Strategy
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1. In other words, Strategy 2 tries to move bricks from the source to target directly; if

stuck, it disassembles some bricks hoping that newly uncovered bricks can be used for

transformation; but if no suitable one is found even when completely disassembling

the source, the stock will be used.

In Strategy 3, no buffer is involved. Movable bricks are transported from the source

to target; if no suitable brick is available on the top layer of the source, the stock will

provide one. So on and so forth till the target model is finished.

4.3.2 Evaluation metrics

Coupling the strategies with the basic approaches, six algorithms are developed for

shape transformation of LEGO models: FT1, FT2, FT3, RT1, RT2, and RT3. To evaluate

the algorithms, three metrics are applied: cost (C), reuse rate (R), and overall perfor-

mance (P ). The cost is defined as the number of PnP needed to build the target model.

Each PnP action is associated with a cost value of 1. This includes PnP actions on one

LEGO brick from source to buffer, from source to target, from buffer to target, and from

stock to target. Low cost suggests high efficiency.

The reuse rate is defined as

R =
Nr

Ns
(4.5)

whereNr is the number of bricks on the target model that are originally from the source,

and Ns is the number of bricks on the source model. Nr includes the bricks moved

directly from the source and those moved indirectly through a buffer.

The overall performance is defined as

P = V · R
C

(4.6)

where V is the number of voxels in the voxelized target model. P increases with the

reuse rate and decreases with increasing cost. V puts the P metric on a relatively nor-

malized scale against model size. It is not ideal to replace V with the number of LEGO

bricks because different FT algorithms do not produce the same number of bricks on

the target model, while V is same in all algorithms given a fixed model size.
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4.4 Extensions

Besides the general pipeline, several extensions are also provided for users to customize

the optimization of re-fabrication process.

Hollowing Hollowing is to remove the inner part of a model which is very important

in some applications. It results in advantages such as economically using fewer bricks

and reducing the total weight of the whole structure. Moreover, hollowing affects the

stability of a structure, e.g. in Hong’s work, hollowing is used to adjust a model’s inner

shape that the sculpture can stay balanced (Hong et al., 2016).

A simple hollowing approach is to remove the inner part of the shape by taking an

input of number as shell size which is determined by users. The shell size is defined as

the number of layers outside that remain solid.

Dangling Parts Removal In the process of removing bricks from the source model,

it’s common that dangling parts may appear in some intermediate states. For example,

if one brick connects two parts of a LEGO sculpture, removing the brick will cut the

whole sculpture into two parts, and if one of them is only connected with the removed

brick, it will drop.

In our application, an algorithm based on graph theory is implemented. In graph

theory, if two subgraphs that are connected to each other by only one node, the node is

an articulation point. Applying it to each brick to be removed from the Source, we can

determine whether it’s an articulation brick, which can be tested by Depth First Search

(DFS) algorithm. If it is an articulation brick, removing it will result in dangling parts,

which may drop if there is no support. In this case, the dangling part will be moved to

the Buffer.

Using Colors LEGO bricks are generally with different colors thus enable transforma-

tion between colorful models. Texture color is firstly converted into face color or vertex

color first, and then the face color is rounded to the closest standard LEGO brick color

in the voxelization process. There is a color chart of standard LEGO brick colors (LEGO

color chart), and users can define their own standard color set based on the colors in
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this chart. Next, during the merge algorithm (see above Section), another verification

is added to allow merging of voxels: if both voxels are surface (visible) voxels and they

have different colors, they cannot be merged. Inner voxels can be merged regardless,

and they will be assigned a random color from the basic color list.

During the transformation process, the inner bricks in the target model will ac-

cept bricks regardless of colors. Otherwise, both the bricks type and color should be

matched to allow transformation. Examples of LEGO models transformation using

colors will be displayed in the following sections.

4.5 Results and Discussions

Eight triangle mesh models, as shown in Figure 4.7, were converted to LEGO models

and used to test the proposed algorithms. Three types of tests were conducted. In the

first two tests, performances of the algorithms were evaluated by the cost, reuse rate,

and overall performance metrics without considering the color information. In the

third test, the color information was incorporated, and a sequence of transformation

was visually examined.

4.5.1 Test 1: Transform model A to other models

Model A in Figure 4.7 was transformed to the other seven models at a particular resolu-

tion which produced an average of 4500 voxels on each model. (A typical voxelization

process cannot guarantee an exact number of voxels on a triangle mesh model but this

does not affect the test.) LEGO models were generated using methods described in

(Hong et al., 2016). Figure 4.8 shows the results of the algorithms under different per-

formance metrics. The three strategies exhibit a descending order of cost as expected.

Strategy 1 always disassembles the source model to a buffer, thereby having the highest

cost. Strategy 3 does not use the buffer; hence, its cost is exactly the number of LEGO

bricks on the target model. Comparing FT3 and RT3, we see that the number of bricks

on the target generated by the two algorithms is different. In RT, the LEGO target was

generated before transformation, and large bricks were used with priority. In FT, the

LEGO target was generated on the fly, and available bricks from the source and buffer
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A B C

D E F

G H

FIGURE 4.7: Triangle mesh models used to test the algorithms. The mod-
els were obtained from public space at ROEStudios. Pokémon is Copy-

right Gamefreak, Nintendo and The Pokémon Company 2001-2013”

were used before resorting to the stock; therefore, each FT algorithm produces different

number of bricks on the target, and they use more bricks than the RT algorithms.

Intuitively, Strategy 1 and 3 should produce the highest and lowest reuse rate re-

spectively. While this is indeed reflected in the trend of FT and RT respectively in Fig-

ure 4.8(b), we see an exception in model A-to-E transformation by FT. The reuse rate of

FT2 is slightly higher than that of FT1. This is caused by the different number of bricks
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in the target model generated by the different FT algorithms. FT1 has the source com-

pletely disassembled to the buffer; so many large bricks are available when the target

is generated on the fly. FT2 exposes movable bricks layer by layer; hence, the avail-

able large bricks at any point of time are not that many; on-the-fly target generation is

forced to use smaller bricks. Consequently, more bricks are used in FT2 than those in

FT1, which makes the reuse rate of the former marginally higher than that of the latter.

We also see that the reuse rate of a FT algorithm is higher than that of the correspond-

ing RT algorithm. Being flexible in target model generation, FT naturally makes use

of more bricks from the source than RT; however, these bricks tend to be smaller than

the best-fit large bricks, resulting in weaker LEGO structures that have internal sliding

planes. After all, FT increases the reuse rate by compromising the structural strength.

The overall performance, shown in Figure 4.8(c), measures efficiency of the algo-

rithms. In the FT series, FT3 stands out as it achieves similar reuse rate as FT1 and

FT2 at a much lower cost. This suggests that for on-the-fly target generation, it is not

efficient to involve a buffer because a brick is very likely to be reused given only seven

types of bricks without considering color (Figure 4.2). In the RT series, RT2 is the best

except for model A-to-C transformation. This suggests that if the target bricks are fixed

types, making moderate use of a buffer produces a good balance between the cost and

reuse rate.

4.5.2 Test 2: Transform eight models to each other

This test was conducted at seven resolutions, i.e. seven average model sizes, from 500

to 4500 voxels per model. The eight models were transformed to each other and there

were 7×8 = 56 transformations at each model size. Figure 4.9 shows the average results

over the 56 transformations. It is obvious from Figure 4.9(a) that the cost increases

linearly with the model size. Strategies 1, 2, and 3 have a consistent descending cost at

a particular model size. The average of these transformations reveals the inherent cost

associated with each strategy. A FT algorithm has a higher cost than its corresponding

RT algorithm because FT produces a target model made of more bricks.

Figure 4.9(b) shows that Strategies 1 and 2 produce very similar reuse rate, suggest-

ing that completely disassembling the source upfront (Strategy 1) is not worthwhile;
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it is better to do partial disassembly to save some cost while maintaining a high reuse

rate. When Strategy 3 is coupled with the FT approach (i.e. FT3), the reuse rate is ac-

tually quite high, comparable to the best of RT algorithms; however, the reuse rate of

RT3 is significantly lower than that of RT1 and RT2. This implies that when the target

model is prior generated, disabling the buffer makes it difficult to find matching bricks

from the source, and on average more than half of the target bricks would come from

the stock. It is also seen from the figure that the reuse rate is not that sensitive to the

change of model size above 1700 voxels per model. Smaller model size (fewer than

1700 voxels) does reduce the reuse rate because the reduced brick samples in smaller

models make it harder to find matching bricks.

In Figure 4.9(c), statistics of the overall performance shows that FT3 is much better

than other algorithms. Within RT algorithms, RT2 is statistically the best. Note that the

overall performance is only an empirical metric. Different scenarios may emphasize

different evaluation criteria. It may be possible that in certain scenario the cost metric

must be redefined, and the relative performance of the algorithms will vary from our

results; nevertheless, the contribution of this study is in framing the LEGO transfor-

mation problem as a multi-objective optimization process, in which different strategies

should be explored to achieve some balance between objectives.

4.5.3 Test 3: Transformation with color information

This test incorporated the color information of each triangle mesh model when building

the corresponding LEGO model. A legitimate match between a source and a target

brick should be the same color as well as the same shape. Due to the fact that more

than one hundred colors were used, finding a match was much less likely than in Tests

1 and 2 where the color information was ignored; however, in our implementation of

the algorithms, an interior brick can take on any color; only exterior bricks must find

exact color match. Consequently, although the average reuse rate in this test is lower

than that in Tests 1 and 2, it is not down to zero.

Figure 4.11 shows typical FT sequences between two models. FT1 first disassembles

the source to a buffer, displayed next to the stock, at a cost of 2755 PnP. Then it builds

the target using bricks from the buffer and stock. Interior bricks of the target model can
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be of any color, while exterior bricks must be the surface color. FT2 moves the source

bricks to the buffer only if there is no suitable ones. The bottom of the target (feet of the

Farfetch’ed) is made of yellow bricks, and they are hard to find from the source; hence,

more than half of the source model are disassembled before the feet can be built. The

cost and reuse rate of FT2 are slightly higher than those of FT1 for reasons discussed

in the previous sections: the target built by FT2 has more bricks than that by FT1. FT3

does not use the buffer. The source is only partially disassembled when the target is

fully built. FT3 produces the lowest cost and reuse rate.

Figure 4.12 shows typical RT sequences between another two models. As both mod-

els contain orange surface bricks, the reuse rates of RT1 and RT2 are relatively high,

above 60%. In RT3, the interior of the target contains many black bricks, which are

used to indicate bricks obtained from the stock and placed on the interior of the target.

(They do not have to be black; any color is fine.) Comparing all six sequences in Fig-

ures 4.11 and 4.12, only RT3 shows large quantity of black bricks. This means that the

other algorithms, including FT3, are able to find suitable interior target bricks from the

source as it is only the shape of the bricks that must match. Though FT3 does not use

the buffer just like RT3, it has the liberty to build the target based on available bricks;

therefore, it does not use the stock to provide many interior target bricks and its reuse

rate is much higher.

4.6 Conclusion and Future Work

Shape transformation of LEGO models has been investigated as a multi-objective opti-

mization problem. Two basic approaches have been proposed. The first approach, FT,

allows for on-the-fly generation of a target model based on available LEGO bricks from

a source model. The second approach, RT, requires both the source and target models to

be generated before transformation. Three strategies are adopted under each approach,

which leads to six algorithms. A cost, a reuse rate, and an overall performance metrics

have been applied to evaluate the algorithms. Strategy 1 produces the highest cost and

reuse rate on average. Strategy 3 produces the lowest lost and reuse rate. Strategy 2

achieves a balance between Strategies 1 and 3. It gives the best overall performance in
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RT algorithms. In FT, owing to on-the-fly target generation, Strategy 3 obtains a reason-

ably high reuse rate at a low cost; hence, it outperforms the other strategies in overall

performance.

FT achieves better results than RT due to flexible model generation; however, this

has the disadvantage of producing relatively weak LEGO structures, which have inter-

nal sliding planes. FT also tends to produce a model made of more bricks than RT.

In this study, we only used one brick as a unit of PnP. In practice, sometimes a group

of LEGO bricks can be reused as a whole. Future work along this direction may look

into novel LEGO model generation methods that tend to produce modularized LEGO

models. Then, shape transformation may be achieved at a modular level, not at a single

brick level. Successful implementation of such modular-oriented methods would lead

to highly efficient LEGO transformation algorithms.
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FIGURE 4.8: Performances of the algorithms in transforming model A
to other models. (a) Cost, (b) reuse rate, and (c) overall performance of

transformation.
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FIGURE 4.9: Average performances of the algorithms in transforming
eight models to each other. (a) Cost, (b) reuse rate, and (c) overall per-

formance of transformation.
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Reused Rate: 46.3%
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RT1

RT2

Reused Rate: 45.6%
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RT3

Reused Rate: 22.8%

Cost: 3452 PnP

FIGURE 4.10: Typical RT sequences between two models: tranformation
from Bulbasaur to Farfetch’d.
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Start 371 PnP 1050 PnP

2375 PnP3020 PnP3602 PnP

Reuse rate: 44.4%

Cost: 3602 PnP

FT3

FIGURE 4.11: Typical FT sequences between two models: tranformation
from Bulbasaur to Farfetch’d.
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FIGURE 4.12: Typical RT sequences between two models: transforma-
tion from Growlithe to Charmander.
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FIGURE 4.13: Typical FT sequences between two models: transforma-
tion from Growlithe to Charmander.
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FIGURE 4.14: Typical RT sequences between two models: transforma-
tion from Squirtle to Blastoise.
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FIGURE 4.15: Typical FT sequences between two models: transforma-
tion from Squirtle to Blastoise.
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Chapter 5

Sequencing for Chain Structures

“I do not think there is any thrill that can go through the human heart

like that felt by the inventor as he sees some creation of the brain

unfolding to success."

— Nikola Tesla

5.1 Overview

In this chapter, the folding sequencing in the shape transformation of rasterized chain

structures is investigated. Different from traditional origami, which is to fold 2D shape

(e.g. paper sheet) into 3D structure, our application is aiming at applications in folding

rasterized 1D chain into rasterized 2D or 3D shape. Specifically, the sequencing of the

transformation from one shape into another based on algorithms such as Hamiltonian

paths and spanning trees, which have been demonstrated that any 2D or 3D geometry

can be described by a 1D chain (Griffith and Jacobson, 2004; Bachrach, Zykov, and

Griffith, 2009). Figure 5.2 and 5.3 show example 2D and 3D space filling primitive and

the connected linear strings.

The proposed folding sequence planning has two processing stages:

(1) Preprocessing: Rasterization and Hamiltonian path searching on lattice,

(2) Folding sequencing, as illustrated in Figure 5.1.

The method accepts two continuous images (2D) or closed polygonal meshes (3D)

as inputs, which are rasterized into voxels and consequently structured as a form of 1D

chain. Then, the sequence to fold one to another is generated.
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A
Rasterize HP

O
Folding

FIGURE 5.1: Overview of folding sequencing. Letter A and O are raster-
ized into 28 pixels form, and a Hamiltonian Path (HP) problem is solved
to transform them into strings. The last step is to fold the A string into

O string.

5.2 Preprocessing

5.2.1 1D Chain with Fixed Length

Rasterization of 2D/3D Structures with Controllable Scale

As described in Chapter 3 and 4. Rasterization of a polygonal mesh is a well studied

topic. In most case, the length of the 1D chain which is folded into 3D shape are fixed

and the scale of the 3D shape needs to be controlled. 1

Given a 1D chain with length L (The number of voxels). The volume V of the

polygonal mesh is computed with the method described by Zhang et al. (Zhang and

Chen, 2001). Assuming the side length of each voxel is l (Equation 5.1), the value of l

can be easily computed by Equation 5.2.

l3 × L = V (5.1)
1Three-dimension (3D) in most cases includes two-dimension (2D). To clear ambiguity, in the following

part the 2D and 3D cases are not differentiated.
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FIGURE 5.2: Polygonal primitives, their plane tilings, and schematic of
their vertice connected strings (Griffith and Jacobson, 2004).

l = (V/L)1/3 (5.2)

The side length of voxel is used to control the scale of rasterization. However, due

to the discrete feature of raterization, the number of voxels of the rasterized model is

expected to be different from L. Then the rasterized shape is modified in the next step

so that the length of it can be controlled to be L.
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Prune and Append

The Rasterized model can be regarded as a graph with each voxel being considered as

node, and an edge represented as the connection with its neighbors (Figure 5.4. As-

suming that a vertex is odd vertex if its sum of x,y,z coordinates is odd, otherwise it’s

even vertex). This graph has following properties:

1. each vertex has degree 1 - 6;

2. The boundary vertices (corresponding to the boundary voxels) have degree 1 - 5,

and

3. The inner vertices always have degrees 6 (6 neighbors);

Let’s consider the problem of folding this 3D model from 1D chain. Reversibly,

to fold a 1D chain into 3D lattice shape can be regarded as the problem to find the

Hamiltonian Path (HP) in the above mentioned graph. The HP problem in a general

grid/lattice graph is shown to be NP-complete, but there are studies on the necessary

and sufficient conditions of this problem by considering it as a bipartite problem (Itai,

Papadimitriou, and Szwarcfiter, 1982) and algorithm exists to provide a linear time so-

lution (Dong Chen, Shen, and Topor, 2002). The conditions are listed as follows, and

readers may refer to Appendix A for further information.

1. If the starting vertex s and the terminal vertex t share an edge in the graph, it’s

a Hamiltonian circuit (HC) problem, and no vertex of degree 1 should exist; otherwise,

it’s a HP problem, no more than 2 vertices of degree 1 should exist.

2. If a vertex has degree 2, then both edges incident to it must be in the HP (HC).

3. The graph G must be compatible if (1) The number of even vertices equals the

number of odd vertices (|Vodd| = |Veven|, G is even), and s and t have different color
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or (2) G is not even, e.g. the number of odd vertex is greater than the number of even

vertex (|Vodd| = |Veven|+ 1), and s and t are colored by the majority color (s, t ∈ Vodd).

By following the above requirements, the graph generated from the 3D model should

be pruned or appended so that an HP algorithm described in Appendix A can be ap-

plied to find a HP in the Graph. There are a few rules to follow in this step:

1. Keeping two vertices of degree one at most as the start and terminal vertex;

2. Balancing the Graph (Equalize the number of even and odd vertices);

5.2.2 1D Chain with Arbitrary Length

Griffith et al. described a spanning tree method to solve the problem of folding 1D

into 2D or 3D (Griffith and Jacobson, 2004). The method is to divide each voxel by 2

in each direction, therefore, each voxel is divided into 4 sub-voxels in 2D plane and 8

sub-voxels in 3D space (Figure 5.5).

The 3D model is first rasterized with half of the normal resolutions (with two times

of the usual edge length). Then each voxel in divided into 4 (2D) or 8 (3D) equal sub-

voxels, and it’s already a Hamiltonian path as the perimeter of the original graph.

5.3 Folding Sequencing

The motion sequence proposed in the work of Ding et al. is applied here (Ding and

Lu, 2013). Nevertheless, the forward and inverse kinematics calculation of the specific

discrete motion are ignored here for two reasons:

(1) it’s beyond the range of this thesis;

(2) The 1D chain is an abstract concept, rather than a speculative example which is

hard to do computation.
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5.3.1 Adjacent Geometry

The configuration of a 1D chain can be expressed by a sequence of joint angles, which

described the relative position between adjacent voxels. For example, in Figure 5.6,

the five voxels chain has three statuses. Initially, the angle sequence is α1 = [0, 0, 0, 0].

In the second status, it becomes α2 = [90,−90, 90,−90] and in the third status, it’s

α3 = [−90,−90, 90, 90].

5.3.2 Motion Sequence

Due to the discrete feature of the folding modules, the ordinal of modular movement

is defined as independent variable in this sequence, which contains the following three

aspects: the angle of joint motion, the number of joint and the ordinal of joints. A

motion sequence matrix Seq is defined to describe them together,

Seq =



S11 S12 . . . S1j . . . S1m

S21 S22 . . . S2j . . . S2m
...

...
. . . · · ·

...

Si1 Si2 . . . Sij . . . Sim
...

... · · · . . .
...

Sn1 Sn2 . . . Snj . . . Snm


(5.3)

where n rows mean the number of the module during the movement, m columns

represent the ordinal of the module, and Sij indicates the rotating angle of the jth

module at the ith step.

When the folding sequence θ = [θ1, θ2, . . . , θm] and the ordinal of moving a =

[a1, a2, . . . , an] are known, The motion sequence can be obtained by using Equation 5.4,

Seq(i, j) =


θj , i = aj

0, i 6= aj

. (5.4)

Take the system with five voxels as an example, shown in Figure 5.6. In the first

transformation, the folding sequence is θ = [90◦,−90◦, 90◦,−90◦], and the ordinal of
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voxel motion is a = [3, 2, 4, 1]. The motion sequence is

Seq1 =


0 0 90◦ 0

0 −90◦ 0 0

0 0 0 −90◦

90◦ 0 0 0

 (5.5)

Similarly, the second folding transformation can be expressed by the motion se-

quence as

Seq2 =


0 0 0 180◦

−180◦ 0 0 0

0 0 0 0

0 0 0 0

 (5.6)

5.3.3 Feasible Folding Sequence

Before introducing the method to generate a feasible folding sequence, two operations

are introduced first.

Isomorphism Judging Since the folding materials are consist of identical voxels, the

homogeneous feature of voxels may result in a fact that two folding results are the same

although the folding sequences of them are different (Figure 5.7).

For simple structure, an easy step can be made by directly comparing the adjacent

geometry, i.e. the angle sequence of the two configuration: αx = [αx1, αx2, . . . , αxn], αy =

[αy1, αy2, . . . , αyn]. if αxi = αyi or αxi = αn+1−yi, i = 1, 2, . . . , n then the two configura-

tion is equivalent.

Another method based on eigen value and eigen vector analysis of adjacency matrix

proposed by Chang et al. (Chang et al., 2002) can identify isomorphism which exists

due to the special shape of modules. The adjacency matrix of an n voxels configuration

is defined as,
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Di =


0 d12 . . . d1n

d21 0 . . . d2n
...

...
. . .

...

dn1 dn2 . . . 0

 (5.7)

where Di indicates the adjacency matrix of the ith configuration, and entry dij is the

distance between center of the ith voxel and that of the jth voxel. Assume that the

eigenvalues of the above matrix are calculated and sorted as λi = [λi1, λi2, . . . , λin]

with corresponding eigenvectors Xi = [Xi1, Xi2, . . . , Xin],

It has been proved that if


λai = λbj

Xai = Xbj

i = j = 1, 2, . . . (5.8)

then the two configurations a, b are isomorphic.

Collision Detection Collision detection is widely applied in computer graphics, Computer-

Aided-Design (CAD), Computer-Aided-Manufacturing (CAM), etc. It’s highly depen-

dent on the geometry with a certain volume, e.g. the cuboid components are different

from the triangle prism components. There are algorithms based on bounding box, dis-

tance calculation, Voronoi diagram and so on (Ding, Mannan, and Poo, 2004; Jiménez

and Segura, 2008; Xie, Yang, and Zhu, 2007).

5.3.4 Folding

The problem of folding sequencing is processed as follows:

1. Get the adjacent geometry, i.e. angle sequences of the initial status and the target

status, αi and αt. Then the folding sequence is θ = αt − αi.

2. From the folding sequence, one can get the folding voxels v = [v1, v2, . . . , vm]

which satisfying αv 6= 0.
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3. Construct a folding tree (Figure 5.8) with the folding voxels in the last step, which

proposed in the work of Ding et al. (Ding and Lu, 2013). Recursively use the method

described in Section 5.3.3 to select one possible configuration.

4. Build the sequencing matrix by the route obtained from last step.
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FIGURE 5.3: Space filling polyhedra, their crystal stacking, and repre-
sentation as strings of edge-connected polyhedra as might be useful in

folding (Griffith and Jacobson, 2004).
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FIGURE 5.4: A graph constructed from a 2D models of 4 voxels. The red
vertex is even vertex while the black vertices are odd vertices.

FIGURE 5.5: Voxel division method (Griffith and Jacobson, 2004). Above:
a 2D dog like graph (black) with each square divided into 4 sub-
tiles(grey). An Hamiltonian Circle (green) that follows the perimeter of

the original graph (red); Below: The case for 3D shape.
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0 1 2 3 4

0 1 2 3 4

1

32

4

0

1 2 3

4

FIGURE 5.6: A simple example consists of 5 cubes demonstrate the mo-
tion sequence. The point is the joint between two adjacent voxels.

0 1 2

3

4

0

1

2 3 4

0 1 2 3 4

FIGURE 5.7: Equivalent modular motion sequence.
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FIGURE 5.8: The configuration tree.
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Chapter 6

Conclusion and Future Work

“The significant problems we have cannot be solved at the same level of

thinking with which we created them."

— Albert Einstein

6.1 Conclusion

This thesis investigated the sequencing problem of shape transformation of rasterized

3D structures by three cases studies: the problem of pick and place operation for ho-

mogeneous components (voxels), heterogeneous components (bricks) and folding op-

eration for voxels.

By developing a cost function for the transformation, the construction of rasterized

pyramidal shape (bigger at bottom and smaller at top) made of voxels can be regarded

as an assignment problem, which is solved by Hungarian method. The study consid-

ered four moving strategies for pick and place, and compared their performance in

terms of the transformational cost and computational time. As a result, LOS stands out

as it achieves an appealing balance between these two metrics.

For pick and place operation on heterogeneous components, LEGO bricks are ap-

plied as an outstanding representation, since it has been investigated as LEGO con-

struction problem. Starting from this problem, some of the heuristic algorithms in

LEGO construction, i.e., to merge voxels into basic bricks are compared and analyzed.

In this process, it’s discovered that the transformation strategy can be directly ap-

plied in the process of merging. Therefore, two basic approaches have been proposed,

namely rigid transform (RT), or layout first transform approach and flexible transform

approach (FT), or transform first approach. Under each approach, three strategies were
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investigated in difference of sequencing priority for moving bricks: from source to

buffer, from buffer to target, from source to target and from stock to target. Reuse

rate, cost and overall performance are studies to evaluate the performance of these

strategies.

Moreover, the sequencing problem for chain structures is studied, which is operated

as folding. Specifically, instead of folding 2D into 3D (origami), I look into the problem

of folding 1D into 2D or 3D, which has more possibilities for automation in folding.

Firstly, the problem of finding a 1D chain from 3D rasterized shape has been studied,

which is solved as a Hamiltonian path finding problem either by prune and append

method or division of voxels method. Then folding sequencing strategies have been

proposed in a stream.

Strategies are designed to transform these problem into mathematical model, and

mathematical principles such as Hungarian method for assignment problems and Hamil-

tonian path searching skills for traveling salesman problem are incorporated in these

studies. Once the advanced building materials and tools are developed in construc-

tion and manufacturing industry, these sequencing and automation strategies can be

directly put into applications.

6.2 Future Work

For future work, there are several factors which can further improve the sequencing

work for automation in construction:

1.Force analysis within the structures such as finite element analysis (FEA) can be

incorporated in the 3D model rasterization process, in order to confirm that the whole

system is robust: not only the final state of the structure is stable, but the intermediate

structures are stable as well;

2.Modularization is not considered in this study, which is more practical for ma-

terial reuse. Similar to some applications in electrical or mechanical engineering, by
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considering a group of voxels as a whole and defining some basic modulars with dif-

ferent functions, the reuse rate and cost can be significantly since the transformation is

at a modular level;

Finally, I’d like to put an end to this thesis by copying a cartoon image from an

article of the bibliography (Figure 6.1). With the development of artificial intelligence

and advanced technical tools, I can foresee the construction, manufacturing as well as

assembly work will be highly automatic in the future.

FIGURE 6.1: A cartoon demonstrating an idealized scenario for pro-
grammable matter as an architectural construction material, offering
new construction and adaptive reuse of existing materials (Tibbits and

Cheung, 2012).
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Appendix A

Hamiltonian Path in a Graph
1

A.1 Definition

Definition A.1.1 (Hamiltonian Path/Circuit) Given a (connected) graph G(V,E), find a

path that starts at a vertex of a graph, passes through every vertex exactly once, and returns to

another vertex. This path is called Hamiltonian Path (HP). If the starting vertex returns to

itself, a circuit rather than a path is found, which is called Hamiltonian Circuit (HC).

The problem of deciding whether a graph has a Hamiltonian circuit/path (and find-

ing one) or not is NP-complete in the general case. We will later see though that for

some specific types of graphs it is solvable in polynomial time. For weighted graphs

a more important and practically useful challenge is to find a Hamiltonian path with

the minimum sum of weights over the edges we pass. This path is called an optimal

Hamiltonian path. The problem is well known as the Traveling Salesman Problem

(TSP).

A.2 Existence

Before trying to find a Hamiltonian path or circuit it is useful to try to find whether

the examined graph has one. This is an NP-Complete problem as well but for some

specific types of graphs criteria that help us decide faster have been set. Here is a list

of the most useful and commonly used:

1The content in this chapter is referred from articles (Itai, Papadimitriou, and Szwarcfiter, 1982; Dong
Chen, Shen, and Topor, 2002), online sources (“Eulerian and Hamiltonian Paths Circuits”; Eulerian and
Hamiltonian Paths Circuits) and book (Wilson and Watkins, 1990).
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Definition A.2.1 A directed graph G(V,E) such that for each pair vi, vj ∈ V either (vi, vj) or

(exclusive) (vi, vj) ∈ E is called Tournament Graph. A Tournament is a digraph in which

there is exactly one arc between any two vertices.

Theorem A.2.1 A tournament graph always contains a Hamilton path.

The proof is a matter of induction.

For undirected graphs:

Theorem A.2.2 Any complete or chain (all nodes have degree=2) graph has Hamiltonian cir-

cuits.

Additionally, researchers have proved that any triangular planar graph can be tested

in polynomial time and this resulted in a useful theorem:

Definition A.2.2 A planar graph that will remain connected if we substract any 4 edges,

but there is a set of 5 edges which being omitted results in a non-connected graph is called

4-connected.

Theorem A.2.3 Any 4-connected planar graph contains a Hamilton circuit that can be found

in polynomial time.

Tutte proved that any 4-connected planar graph contains a Hamilton circuit. This cir-

cuit can be found it polynomial time. Also, Tutte proved that any graph obtained by

deleting a vertex from a 4-connected planar graph contains a Hamilton circuit.

Unfortunately, in the general case we have to try to build a Hamilton path or circuit

and decide that there does not exist any only after exhaustive search of the paths. But

it can become even worse (Murphy’s law) if we consider the fact that slight changes in

the graph may result in a totally different result. For example, we can see (via exhaus-

tive search) that the following graph (Figure A.1a) has a Hamiltonian cycle: the path

AGFECDBA.

If we remove the edge BD we have the following graph (Figure A.1b), there is no

Hamilton circuit as a result.

Fortunately, we can list a number of conditions that must be held in a graph that

has a Hamilton circuit:
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FIGURE A.1: (a) The graph has a Hamiltonian cycle: the path
AGFECDBA. (b) Removing the edge BD results in no Hamilton circuit.

Necessary Conditions for Hamilton circuit Assume G = (V,E) has more than two

nodes.

1. No vertex of degree one. If a node has degree one, then the other endpoint of the

edge incident to a must be visited at least twice in any circuit of G.

2. If a node has degree two, then both edges incident to it must be in any Hamilton

circuit.

3. No smaller circuits contained in any Hamilton circuit (the start/endpoint of any

smaller circuit would have to be visited twice).

4. There must exist a subgraph of G with the following properties:

1. H contains every vertex of G;

2. H is connected;

3. H has the same number of edges as vertices;

4. H has every node with degree 2.

Then, the subgraph H is the Hamilton circuit in the graph G. The problem is that the

4th condition can not be tested in polynomial time, but the 3 first conditions can be

tested without much efforts. Furthermore, a very useful theorem and quite general

(the only restriction is that each vertex should have |E|/2 adjacent vertices or more)

was proved by Dirac:

Theorem A.2.4 (Dirac’s Theorem) If every vertex of a connected graph with 3 or more ver-

tices is adjacent to at least half of the remaining vertices, then the graph has a Hamilton circuit.

So we can see that even though we have a number of theorems for specific types of

graphs the matter of existence of a Hamilton cycle is NP-complete in the general case.
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A.3 Finding an Optimal Hamiltonian circuit/path.

As stated above, not only the problem is NP-complete, but we do not have any al-

gorithm (even heuristic) to solve it in the general case as well. The only method is

the exhaustive search which is “prohibited” when |V| and |E| become big. A more

useful problem is the traveling salesman problem (TSP), which was originally set as

follows:

Definition A.3.1 (TSP) Given a list of cities and the distances between each pair of cities,

what is the best possible route that visits each city and returns to the origin city?

Here, best has the meaning of the minimum distance the salesman has to cover, but

depending on the context given it may mean different things such as lower cost, mini-

mum time etc.

We can represent each city by using a node, the way between any two cities as an

edge between the respective nodes and the distance as the weight of the edge. The

result is a complete graph, unless there is no way to go directly from one city to some

other. In this case, the respective edge does not exist. The algorithm proposed is a

brutal-force algorithm:

1. List all possible Hamilton circuits (of course exact reversals can be omitted);

2. Find the weight of each;

3. Choose (the) one with the smallest weight.

This algorithm always works, but its main backbone is its cost. The 1st step can only

be solved by exhaustive search. For a computer doing 10,000 circuits/sec, it would

take about 18 seconds to handle 10 vertices, 50 days to handle 15 vertices, 2 years for 16

vertices, 193,000 years for 20 vertices! This has made researchers change their approach

to the problem and find approximation algorithms that may not produce the optimal

result but get close to it and (more important) work in acceptable time limits.

Three such algorithms are given here: They all take as input a graph and return a

near-optimal-Hamilton circuit (if one exists).

CHEAPEST LINK ALGORITHM (CLA)

1. Choose the edge with the smallest weight (the "cheapest" edge), randomly breaking
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ties;

2. Keep choosing the "cheapest" edge unless it (a) closes a smaller circuit OR (b) results

in 3 selected edges coming out of a single vertex.

Continue until the Hamilton Circuit is complete. An example is given in Figure A.2.

FIGURE A.2: Applying CLA algorithm: (a) We choose AC(min weight).
Then, since no restriction will be validated we add AD. Now if we try
to add DC we get a cycle ACDA (b) so we do not add it. Instead we
take the next lower weighted edge DB and add it. If we add ED node D
will have degree 3 (c), so we do not use it. Instead we add EC and EB
successively so we get a Hamiltonian cycle ADBECA (d) with total cost

20.

NEAREST NEIGHBOR ALGORITHM (NNA)

1. Start at a vertex (think of it as your Home city);

2. Travel to the vertex that you haven’t been to yet whose path has the smallest weight.

If there is a tie, pick randomly;

3. Continue until you travel to all vertices;

4. Travel back to your starting vertex;

Figure A.3 exemplifies how this algorithm is applied for a graph.
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FIGURE A.3: Applying NNA algorithm: Randomly we choose E as the
initial vertex. We choose the edge with the lower cost starting from E
(a) which is ED. Same way we add DA and AC and reach (b). Here
we can not use the edge with the lower cost (CD) since D has already
been visited so we travel to B through CB(c) and finally reach the circuit

EDACBE (d) with total cost 25 (worse than the CLA).

REPETITIVE NEAREST NEIGHBOR ALGORITHM (RNNA)

1. DO NNA for each vertex (city);

2. Choose the best solution (smallest weight);

3. If necessary, rewrite this solution with a particular starting vertex (Home);

It uses the previous algorithm, which depends on the choice of the initial node.

That’s why we apply it for every initial node possible and choose the best circuit among

the ones produced.

A similar problem is to find a Hamiltonian path given the initial and final nodes.

This would help the salesman end his journey at his home and not the city he was at

the beginning.

There exists a constructive algorithm (Algorithm 1) that gives us the optimal Hamil-

ton path between two nodes a (initial) and p (terminal). This algorithm tries to find the
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optimal path between any two vertices visiting any number (≤ |V |−2) of vertices start-

ing from 0 (no intermediates) and adding one node to the (new) path at the time. For

instance, in order to find the minimum path between a and p that has 3 intermediate

nodes we find all the paths from any node k to p with 2 intermediate nodes ( 6= a, p)

and add (a, k) and choose the minimum.

Algorithm 1 Optimal Hamilton Path (w, a, p)

Input: w: matrix of weights, a: initial node, p: final node and N=|V|
Output: The Optimal Hamilton Path;

S: subset {1, 2, . . . , N}; Array H[N ][N ][S]; int i, j, s, k
1: for i, j ← 1, N do
2: H[i, j, ∅]← w(i, j)
3: end for
4: for s← 1, N − 1 do
5: for i, j ← 1, N do
6: for each S ⊆ [1. . .N ]− {i, j}with size s do
7: H[i, j, S]=min[d(i, k) +H(k, j, S − {k})]
8: end for
9: end for

10: end for
11: return H[a, p, {1. . .N} − {a, p}]

The algorithm runs in O(2N ) time significantly lower than O(N !) which gives us

the ability to work with larger graphs in appropriate time. The reason we have this

complexity has to do with the number of the paths we have to calculate in step 6 before

we select the minimum among them.

A.4 Hamilton Path in Grid (Lattice) Graphs

Definition A.4.1 An infinite graph G∞ is a graph whose vertex set V (G∞) consists of all

vertices on the plane with integer coordinates and in which two vertices are connected by an

edge iff the Euclidean distance between them is equal to 1.

Definition A.4.2 The coordinates of a vertex v are denoted by vx, vy and vz . Vertex v is called

even if (vx + vy + vz) mod 2 = 0, or odd otherwise.

Definition A.4.3 A grid graph G is a finite, node-induced subgraph of G∞ whose vertex set

is V (G) = {v|1 ≤ vx ≤ m, 1 ≤ vy ≤ n, and1 ≤ vz ≤ l, }, where m, n and l are integers.
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Definition A.4.4 Two different vertices v and v′ in G are called color-compatible if

(1) The number of even vertices equals the number of odd vertices (|Vodd| = |Veven|, G is even),

and s and t have different color; or

(2) G is not even, e.g. the number of odd vertex is greater than the number of even vertex

(|Vodd| = |Veven|+ 1), and s and t are colored by the majority color (s, t ∈ Vodd).

Since two adjacent vertices must have different colors, the vertices of any path (or

cycle) alternate between two colors. Thus, we have the following two simple lemmas.

Lemma A.4.1 G has a HC iff. it is even-sized and m,n, x > 1.

Lemma A.4.2 If G has a HP between two given vertices s and t, then s and t must be color-

compatible.

FIGURE A.4: Graphs in which there is no Hamiltonian path from vertex
s to t.

We denote a Hamiltonian path between s and t inG byHP (G, s, t); We sayHP (M, s, t)

existent if there is a Hamiltonian path between s and t in G. From Lemma A.4.2, we

conclude that the color-compatibility of s and t is a necessary condition for the exis-

tence of a Hamiltonian path on G. However, there are three cases in which HP (M, s, t)

are non-existent even if s and t are color-compatible:

C1: G is a one-mesh, and either s or t is not a corner vertex (Figure A.4(a)).

C2: G is a two-mesh, and st is an edge which is not a boundary edge (Figure A.4(b)).

C3: n = 3, t=1 and m is even, s is black and t is white, and

1. sy = 2 and tx > sx (Figure A.4(c)); or

2. sy 6= 2 and tx ≤ sx + 1 (Figure A.4(d)).

The following theorem has been proved (Itai, Papadimitriou, and Szwarcfiter, 1982).

Theorem A.4.3 HP (M, s, t) is existent if and only if s and t are color-compatible and it is not

in any of the cases C1 to C3.

Theorem A.4.4 The existence of any HP (M, s, t) can be determined in constant time.
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Algorithm for HP in Grid Graph A sequential and a parallel algorithm have been

described in the work of Dong Chen et al. (Dong Chen, Shen, and Topor, 2002).
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Appendix B

Assignment Problem and Hungarian

Method: An Implementation
1

B.1 Mathematical Formulation of Assignment Problem

Consider the problem of assignment of a company which has n workers each using

different time to finish n different jobs and one worker can only be assigned to do only

one job. The objective is to minimize the total time of assignment. The cost matrix for

this problem is given in Table B.1. This cost matrix is same as that of a transportation

problem except that the availability at each of the machines is unity and the require-

ment at each of the destinations is also unity. In Table B.1, tij is the cost associated

with assigning the ith machine to the jth job. To formulate the assignment problem in

a mathematical way, we define the activity variables

xij =
1, if worker i is assigned to job j

0, otherwise
(B.1)

Then the mathematical model for the assignment problem can be stated as

1The content in this chapter is referred from online sources (Transportation and Assignment Problems;
The Assignment Problem and the Hungarian Method; The Hungarian algorithm: An example; The Hungarian
algorithm: An example) and book (Burkard, Dell’Amico, and Martello, 2009).
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Minimize Z =
n∑

i=1

n∑
j=1

cijxij (B.2)

subject to
n∑

j=1

xij = 1 for all i (B.3)

n∑
i=1

xij = 1 for all j (B.4)

and xij = 0 or 1 for all i and j (B.5)

TABLE B.1: The cost for n workers to finish n jobs. Cost is defined as
time here.

Workers Jobs
J1 J2 . . . Jn

W1 c11 c12 . . . c1n
W2 c21 c22 . . . c2n

...
...
...
...
...

Wn cn1 cn2 . . . cnn

B.2 Hungarian Method for Solving Assignment Problem

The Hungarian method is an efficient method for finding the optimal solution of an

assignment problem (Kuhn, 1955; Frank, 2005) with a given cost matrix. The method

works on the principle of reducing the given cost matrix to a matrix of opportunity

costs (Theorem B.2.1). Opportunity costs show the relative penalties associated with

assigning a machine to a job. Hungarian method reduces the cost matrix to the extent

of having at least one zero in each row and column so as to make optimal assignment.

The following 6-step algorithm is a modified form of the original Hungarian Algorithm

(Munkres’ implementation). This algorithm describes to the manual manipulation of a

two-dimensional matrix by starring and priming zeros and by covering and uncover-

ing rows and columns. This is because, at the time of publication (in 1957), few people

had access to a computer and the algorithm was exercised by hand.
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Theorem B.2.1 (Reduction Theorem) In an assignment problem, adding or subtracting a

constant to every element of a row or column of the cost matrix has no influence on the op-

timal assignment plan. In other words, if xij = x?ij minimizes Z =
∑n

i=1

∑n
j=1 cijxij de-

fined in Equation B.2 with requirements on Equation B.3 to B.5, x?ij also minimizes Z ′ =∑n
i=1

∑n
j=1 c

′
ijxij where c′ij = cij − ui − vj for all i, j = 1, 2, . . . , n and ui, vj ∈ <.

Step 0 Create an n×mmatrix called the cost matrix in which each element represents

the cost of assigning one of n workers to one of m jobs. Rotate the matrix so that there

are at least as many columns as rows and let k=min(n,m).

Step 1 For each row of the matrix, find the smallest element and subtract it from every

element in its row. Go to Step 2.

Step 2 Find a zero (Z) in the resulting matrix. If there is no starred zero in its row or

column, star Z. Repeat for each element in the matrix. Go to Step 3.

Step 3 Cover each column containing a starred zero. If K columns are covered, the

starred zeros describe a complete set of unique assignments. In this case, Go to DONE,

otherwise, Go to Step 4.

Step 4 Find a noncovered zero and prime it. If there is no starred zero in the row

containing this primed zero, Go to Step 5. Otherwise, cover this row and uncover

the column containing the starred zero. Continue in this manner until there are no

uncovered zeros left. Save the smallest uncovered value and Go to Step 6.

Step 5 Construct a series of alternating primed and starred zeros as follows. Let Z0

represent the uncovered primed zero found in Step 4. Let Z1 denote the starred zero

in the column of Z0 (if any). Let Z2 denote the primed zero in the row of Z1 (there

will always be one). Continue until the series terminates at a primed zero that has no

starred zero in its column. Unstar each starred zero of the series, star each primed zero

of the series, erase all primes and uncover every line in the matrix. Return to Step 3.
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Step 6 Add the value found in Step 4 to every element of each covered row, and

subtract it from every element of each uncovered column. Return to Step 4 without

altering any stars, primes, or covered lines.

DONE Assignment pairs are indicated by the positions of the starred zeros in the cost

matrix. If C(i, j) is a starred zero, then the element associated with row i is assigned to

the element associated with column j.

Some of these descriptions require careful interpretation. In Step 4, for example, the

possible situations are, that there is a noncovered zero which get primed and if there is

no starred zero in its row the program goes onto Step 5. The other possible way out of

Step 4 is that there are no noncovered zeros at all, in which case the program goes to

Step 6.

An implementation of C# code as well as an example can be found here: The Hun-

garian algorithm: An example, as shown in Figure B.1.



B.2. Hungarian Method for Solving Assignment Problem 103

Cost Matrix
1. Step 0 2. Step 1

3. Step 2 4. Step 3 5. Step 4

6. Step 6 7. Step 4 8. Step 5

9. Step 3 10. Step 4 11. Step 6

12. Step 4 13. Step 6 14. Step 4

15. Step 5 17. Done!16. Step 3

FIGURE B.1: An Example Execution of Hungarian Method (The Hungar-
ian algorithm: An example).
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